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Single event inference of GW events

Inferred component masses of
* For each GW event, the source parameters 6 , GW150914
( . . . Figure from arXiv: 1602.03840
masses, spins) are estimated by Bayesian
inference — Overal
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* GW provides the information of compact
objects on the verge of merging, as well as
remnant objects

* The statistical importance of parameter BT
distribution of GW source 1s growing B W i
proportional to the expansion of GW catalog



Population analysis in GW astronomy
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* By combining each PE result, the ~
distribution of source-parameter pmoqe1(8) = .l N\
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can be estimated — Population inference :
* This method requires slg 0
« The population model py401(01A) L N ‘:
: 107 20 10 60 TR0 100
» Set of astrophysical events {d} o (M.
* Selection effect a(A) Inferred m, distribution
Pmodel (M4|A) = Power-law + Peak
A: set of population-level parameters
* Then, the hyper hkehhood can be obtained: (e.g., power-law index)
event
L{d}|A) (A) jd@l Pmode1(0;1M)p(d;]6,) Figure from arXiv: 2111.03634
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BH Spin and their astrophysical origin
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Inference on BH spin may
help understanding
mechanism of multi-
messenger phenomena
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GWTC-3 results on y.g, xp, distribution
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Practical calculation of hyper-likelihood

* The hierarchical inference contains Nyt + 1 analytically
1mpossible integrals

NeventZ(dilA)
L1 ey
1=
Z(dilA) — Jd‘gi pmodel(gilA)p(dilei):a(A) — Jd@ Pmodel (HlA)Pdet(Q)

 These integrals are performed by Monte Carlo (MC) integrations
e (theoretically) independent of the PE prior distribution
e introduce MC uncertainty that can grow up to O(W,,.,.) into p({d}|A)

L{Ad}A)



The prior distribution and the MC sum

« MC integrations require the drawing distribution of posterior/injection samples:

Z(d-|A) " meodel(eg.'A) CZ(A) - pmodel(eﬂA)
l 7 T[PE(HL']) ’ T[inj(gj)

* Prior/injection distribution of spin parameters are mpg(¥;) = wpr(x;, cos9;) x 1
* Uniform-in-amplitude and isotropic

* It must be reformulated in terms of ., xp for models on yeff, xp:
T[spin()(eff» XplCI) = fd)_(ld)?z 7TPE()_()l)nPE()?2)5()(eff — Xett(X1, X2 |Q))5(Xp - Xp()?l: X21D)

* In GWTC-2/3 analysis, this is performed in a numerical & stochastic way using
Kernel density estimator (KDE)



Development of an analytical prior on y.g x;

* We derive an analytical form of o
Tspin (Xeff» Xp | CI) ' lo 75
. . 0.8 1 o ’_‘f“
 This drastically decrease the Loso 3
computational time of gy ()(eff, )(p|q) 0.6 02 &
and comes with zero uncertainty in “ 000 ~
. . 0.41
eStlmatlng 7Tspin (Xeff» XplCI) F—0.25 :z
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* The direct comparison of effective spin 0.0 EREEEEN A 0w
. . —1.0 —0.5 0.0 0.5 1.0
priors show that the KDE prior notably e
deviates from analytical formulation Differences between effective spin
near the boundaries y, = 0,1 and priors measured In logscale

| Xeff] = 0 region



KDE prior deviates when y, is small

Near the boundary, the KDE prior suffers from the systematic bias

A boundary condition imposed on the KDE prior works well for relatively large |xesel,
but 1t 1s not suitable when both |y.f|, ¥, are small
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The normalization makes the KDE prior large

 The KDE prior has the normalization
fd)(p T[spin()(pb(eff: Q) =1

* The value of 74y, ()(p| Xeff = 0, q) 1s overestimated because of the
underestimation of mgpin(xp = O| Xete = 0, q) and nspin()(p ~ 1| xers = 0, q)
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Setup of hierarchical Bayesian inference

* Re-analysis of GWTC-3 BBH spins with Gaussian spin model
* Consider 69 BBH events that are used in GWTC-3 analysis

_Nevent Nevent [~

Pmodel (Hl] |A)

i=1 |77 ”PE(Qij) _

Pmodel (Hj |A)
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Changes from GWTC-3 analysis

* Tspin ( X off) )(p|q) 1s updated with analytical form in hierarchical inference
expression: 7;,;(67) and 7pp(6)

» All the posterior sample per event is used to minimize the MC integration
error 11




Recovered distribution of yx,

* The posterior predictive distribution is consistent with the LVK’s result

LVK’s result
arXivi2111.03634 Our run
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Result of rerun of hierarchical analysis

GWTC-3 analysis setting
VS
Our analysis setting
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The distributions are entirely
consistent
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Differences in the likelihood evaluation

 The GWTC-3 analysis underestimates the hyper-likelihood £ ({d}|A)
* The introduction of analytical prior eliminates the systematic bias in £ ({d}|A)
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Summary

* We derived an analytical form of the joint distribution of the

effective spin parameters Tgp,ip (Xeft Xp |g) which has been
evaluated numerically

* Comparison with the KDE prior shows that the KDE prior
deviates from Trgpiy (Xeft )(p|q) 1N some cases

* Re-analysis of GWTC-3 Gaussian Spin Model results in a
widely consistent hyper-posterior distribution with KDE
prior

* but the introducing the analytical prior reveals the systematic bias

on hyper-likelihood £ ({d}|A) 15



