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Abstract
We explore the phenomenon of relativistic shock breakout emanating from an envelope with a gradually decaying density profile. To evaluate the breakout 
signal, we calculate the steady-state structure of relativistic radiation mediated shocks, incorporating photon escape at the upstream boundary, characterized 
by the fraction of shock energy in escaping photons, fesc. We present the shock structure and the spectra of the escaping photons for shock velocities of Γu = 
2, 6, and 10. Compared to the analytical model of Granot et al. (2018), our findings reveal a significantly narrower shock width, which may be attributed to 
the presence of a subshock whose strength increases with fesc. This suggests that relativistic breakout emission is more prolonged and energetic than 
previously estimated.  The escaping photons exhibit a spectral peak around Ep ≈ 300 to 600 keV, largely independent of fesc  and Γu, due to temperature 
regulation in the immediate downstream region by the pairs. In all cases, the escaping photon spectrum below the spectral peak shows a nearly flat 
component (fν ∝ν0), while above the peak, a high-energy extension emerges.

上流

下流

vu ~ c (光速 )  

散逸領域

γ

vd << c 

光子 - プラズマ 
相互作用

γ

τu* < ~1 

γ 

γ 

photon-plasma 
interactionupstream

downstream

Numerical Method
Our numerical code employs an iterative method that seeks a steady shock 
structure which conserves the energy-momentum flux throughout the flow. In 
the infinite shock calculations conducted in  Ito, Levinson & Nagataki (2020), a 
large imposed value of the pair-loaded optical depth τu∗prevented the photons 
produced in the shock from diffusing back to the upstream boundary. In 
contrast, in the current simulations, the smaller values of τu* invoked allow a 
fraction of counterstreaming photons to escape through the upstream boundary.

Give plasma profile (n,T,Γ)
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Figure 2. Same as Figure 1, but for Gu = 6.

the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.
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Figure 3. Same as Figure 1, but for Gu = 10.

3.1 Comparison with Analytical Model of Granot et al.
(2018)

Here we present a comparison of our result with the analytical
model by Granot et al. (2018). A brief overview of the model is
provided below. The model describes the deceleration of the rel-
ativistic flow in the shock transition region by modeling its inter-
action with the photons emanating from the downstream region.
The counterstreaming photons are assumed to possess energies
of ⇠ mec2 in the shock frame, aligning with conditions found in
RRMS. The model treats the relativistic flow (composed of protons,
pairs, and photons) and counterstreaming photons as two colliding
beams. The collision, occurring through Compton scattering and
pair production, injects new quanta (either photons or pairs) into
the primary beam of the relativistic flow, and converts kinetic en-
ergy into thermal energy. Consequently, the deceleration of the flow
accompanies a decrease in the beam of counterstreaming photons
towards the upstream direction.

The fraction of the counterstreaming photons, which is equiv-
alent to fesc defined in Equation (1), that reach the upstream bound-
ary is an input parameter of the model. For given values of Gu
and fesc, the model construct a structure of RRMS. In addition to
these two input parameters, the model contains free parameters:
h , which sets the average energy of quanta added to the primary
beam per collision, hGmec2; and a, which characterizes the aver-
age energy of counterstreaming photons as observed by thermal
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Structure of RRMS with Escape

Introduction
Shock breakout shapes the early electromagnetic signals from cosmic 
explosions like supernovae and gamma-ray bursts. During breakouts, photons 
are released as the shock transitions from a radiation mediated shock (RMS) 
to a collisionless shock (e.g., Levinson & Nakar 2020). This study focuses on 
relativistic shock breakouts (Γu ≥ 2) occurring in gradually decaying density 
profiles, such as energetic or anisotropic explosions of a star surrounded by a 
wind. Assuming the shock evolves gradually and maintains a quasi-steady 
state governed by local conditions, we compute the shock structure during the 
breakout phase using Monte Carlo simulations. These simulations solve the 
steady-state structure of relativistic RMSs (RRMSs) which takes into account 
the effect of photon escape from the upstream boundary, following the 
method developed by Ito, Levinson & Nakar (2020).

3

3 THE STRUCTURE OF RRMS WITH ESCAPE

Figures 1 - 3 display the shock structures derived from simula-
tions for upstream Lorentz factors Gu = 2, 6, and 10 across a wide
range of escape fractions fesc. As depicted in the figure, the shock
width significantly reduces with increasing fesc. This result con-
trasts with the sub-relativistic shocks (Ioka et al. 2019, ILN20b),
where the shock width is mostly consistent with the diffusion length
t⇤ ⇠ b�1

u , regardless of the value of fesc. This is due to the fact that
relativistic shocks have an ability to adjust its opacity by generat-
ing pairs (Granot et al. 2018). The current simulation finds that a
minute amount of escape fesc . 0.01 is sufficient to appreciably
narrow the shock width, particularly when the Lorentz factor of the
shock is high. This feature is consistent with the analytical model
of Granot et al. (2018), which suggests that finite shocks deviate
markedly from the infinite shock configuration when the escape
fraction exceeds ⇠ 1/G2

u. However, it should be noted that our re-
sults also reveal quantitative differences in the shock structure from
that of the analytical model at high escape fractions, as will be dis-
cussed in Section 3.1.

As mentioned earlier, the subshock, characterized by a dis-
continuous jump in the velocity and temperature, is an inherent
feature of relativistic shocks regardless of the escape fraction.4 In
our simulation, the jumps between pre- and - post-subshock veloc-
ity and temperature are connected by the Rankine-Hugoniot condi-
tions, under the assumption that the bulk plasma is isolated from
the radiation (Ito et al. 2018). The strength of the subshock in-
creases with fesc, as observed in ILN20b for mildly relativistic
shocks with bu = 0.5. 5 For instance, in shocks with Gu = 10, the
4-velocity at the immediate upstream of the subshock, Gu,subbu,sub,
is approximately 0.84, 0.85, 1.08, 1.4, 2.25, and 4.35 for fesc ' 0,
0.41, 2.5, 5.9, 14, and 41 %, respectively. This results in a frac-
tion of the total kinetic energy being dissipated at the subshock,
which we evaluate as the reduction in kinetic energy flux of the
plasma across the subshock, normalized by the incoming kinetic
energy flux at the upstream boundary expressed as dFkin,sub/Fb =
[1+(n±/n)subme/mp](Gu,sub �Gd,sub)/(Gu �1), to increase as 4.8,
4.8, 8.8, 14, 25, and 48% for the corresponding values of fesc.6

Here, Gd,sub represents the Lorentz factor immediately after the
subshock and in the far downstream, respectively, and (n±/n)sub
denotes the pair-to-baryon ratio at the subshock. The result im-
plies that the role of radiation mediation in the shock weakens
as fesc increases, and a significant amount of energy is dissipated
by the plasma interactions at the subshock in finite shocks with
high escape fractions. This is in contrast with the sub-relativistic

4 As reported in ILN20b, a subshock is not present in the sub-relativistic
regime (bu = 0.1 and 0.25). In the mildly relativistic regime, where bu =
0.5, the subshock is absent in the case of an infinite shock; however, it man-
ifests in finite shocks for finite shocks ( fesc > 0).
5 To be precise, in our iterative calculations, the subshock strength does
not converge perfectly but fluctuates within a range of roughly 10-20% in
the jump of 4-velocity d (Gb ). Consequently, the subshock might occasion-
ally appear slightly stronger for smaller escape fractions. Specifically, the
sequence of subshock strength depicted in Figure 1 (Gu = 2) is not directly
proportional to the escape fraction in the range of fesc = 0% to 6%. The fluc-
tuations observed in the current simulations might suggest that a perfectly
steady profile is unattainable, indicating that the subshock feature could be
inherently dynamical. However, exploring this aspect further is beyond the
scope of the current study.
6 For Gu = 2 (6), the reduction of kinetic enegy across the subshock
dFkin,sub/Fb is roughly 15% (45%) for the simulation with the highest es-
cape fraction of fesc = 35% (46%).
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Figure 1. Profiles of 4-velocity (top), temperature (middle), and pair-to-
baryon ratio (bottom) as functions of the pair-loaded Thomson optical depth
t⇤ =

R
G(n+n±)sT dz for the simulations with an upstream Lorentz factor

of Gu = 2. The profiles are represented by solid lines in green, orange, pur-
ple, blue, and red, each indicating the results from finite shocks with differ-
ent escape fractions as detailed in the legend. For comparative purposes, the
structure of an infinite shock is depicted with a black line. It is noted that for
infinite shocks, the upstream boundary extends beyond the left edge of the
figure, whereas the leftmost points of the finite shock profiles mark their re-
spective upstream boundaries. A discontinuous jump in both the 4-velocity
and temperature profiles at t⇤ = 0 reflects the presence of a subshock.

shocks, where subshocks do not appear even at a high escape frac-
tion ( fesc ⇠ 70% for b  0.25; ILN20b).

In all cases, the post-subshock velocity is close to that of the
far downstream, implying that most of the shock deceleration is ac-
complished at this point. Following the subshock, the velocity ex-
hibits a slight and gradual decline, ultimately reaching a far down-
stream value that is lower for higher fesc, due to increased radiative
losses.

As mentioned above, the subshock also leads to a jump in the
temperature, due to the dissipation of plasma kinetic energy, mani-
festing as a discontinuous spike in Figures 1 - 3. Due to the propor-
tionality of the subshock strength with the escape fraction, simula-
tions with larger escape fractions exhibit a more pronounced tem-
perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
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ously over several decades in time and radius, in contrast to New-
tonian RMS.

The model introduced in Granot et al. (2018) has some im-
portant limitations. First, it is restricted to regions where the flow
is highly relativistic, hence, the shock profile cannot be extended
properly to the downstream region and is, therefore, not fully self-
consistent. Second, it cannot be used to compute the spectrum (or
more generally, the spectral evolution). Third, the model fails to
account for mildly relativistic breakouts (Gu ⇠ 2). In light of these
limitations, our current study aims to deepen the understanding
of the properties of relativistic RMS with escape of photons. To
achieve this, we utilize a numerical approach developed in Ito et al.
(2020b). Here, we do not confine our study to the highly relativistic
shocks and also incorporate shocks with mildly relativistic veloc-
ities, specifically examining cases where Gu = 2, 6, and 10. Our
numerical approach enables us to construct a full shock structure,
ranging from the upstream (escaping) boundary to the far down-
stream region, and to evaluate the spectral shapes of the emitted
spectrum.

This paper is organized as follows. In Section 2, we outline the
numerical methods and the simulation setup. Section 3 presents the
calculated structure of RMS, while Section 4 discusses the spectral
characteristics of photons escaping from RMS. Finally, we con-
clude in Section 6. Throughout the paper, the subscript u and d re-
fer to the physical quantities at the far upstream and far downstream
regions of the shock, respectively.

2 MONTE-CARLO SIMULATIONS OF LEAKING RRMS

The numerical method used in the current study is outlined in Ito
et al. (2020b) (hereafter ILN20b), and we provide a brief summary
of the methodology here. The code is an updated version of the
one used in Ito et al. (2020a) (hereafter ILN20a), which focused on
the steady-state structure of RMS with an optically thick upstream
that prevents photons from escaping from the shock (referred to
hereafter as ’infinite shock’). The updated code incorporates radia-
tive losses through the upstream boundary, enabling simulations of
RRMS with finite optical depths upstream, as anticipated during the
breakout phase. Similar modifications have been applied previously
to simulations of fast Newtonian (bu = 0.1 and 0.25) and mildly rel-
ativistic (bu = 0.5) shock breakouts, as reported in ILN20b. In this
study, we extend our analysis to the relativistic regime, specifically
considering cases with Gu = 2, 6, and 10.

In the simulations, the pair-loaded optical depth upstream of
the subshock, which is defined as tu⇤ =

R zu
0 G(n+n±)sT dz, serves

as an input parameter that dictates the amount of photons escap-
ing the upstream boundary. Here, sT denotes the Thomson cross-
section. The term n refers to the density of the electrons advected
from upstream, while n± represents the density of electron-positron
pairs produced via photon-photon collisions. In this study, we focus
on RMS formed in a proton-electron plasma; therefore, the den-
sity of advected electrons is equal to that of the baryons (protons).
Throughout the paper, we use n to represent the density of both the
advected electrons and protons. The range of integration extends
from the subshock at z = 0 to the upstream boundary at zu (< 0).1

Note that, as found in ILN20a for infinite shocks, the formation of
a subshock is an inherent feature in relativistic shocks, also in cases
of finite shocks.

1 Since the spatial coordinate z is aligned with the flow direction, t⇤u is
defined as a negative value.

Our numerical code employs an iterative method that seeks a
self-consistent, steady shock structure which conserves the energy-
momentum flux throughout the flow. In the infinite shock calcula-
tions conducted in ILN20a, a large imposed value of tu⇤ prevented
the photons produced in the shock from diffusing back to the up-
stream boundary. In contrast, in the current simulations, the smaller
values of tu⇤ invoked allow a fraction of counterstreaming photons
to escape through the upstream boundary of the simulation box,
resulting in a decrease (increase) in the net energy (momentum)
flux compared to the infinite shock. Therefore, unlike in the infinite
shock cases where the energy-momentum flux is determined by the
upstream conditions, these quantities cannot be predetermined in fi-
nite shocks. Hence, while the code adjusts only the flow parameters
(i.e., b , T , and n±) in the infinite shock simulations, it additionally
adjusts the energy and momentum fluxes in the finite shock simu-
lations.

Following ILN20b, we employ the ratio of the energy flux
carried by escaping photons to the incoming energy flux of the far-
upstream baryons as an indicator of the amount of photons escaping
the shock:

fesc = �Fesc
Fb

. (1)

Here, Fesc < 0 denotes the net energy flux of the photons at the
upstream boundary of the simulation box2 and Fb = Gu(Gu �
1)numpbuc3 represents the energy flux of the baryons, with mp be-
ing the proton rest mass. By performing a series of simulation runs
for various values of tu⇤, we can probe the structure and radiation
signature of finite shocks with differing escape fractions.

In all cases, we set the baryon density at the upstream
boundary to be nu = 1015 cm�3.3 The plasma, consisting of pro-
tons and electron/positron pairs, is modeled as a single fluid in
which all constituents share a common bulk velocity and follow
a Maxwellian distribution at the same temperature. This implies
that we are assuming tight coupling over distances much shorter
than the shock deceleration scale. While the assumption holds for
single-ion, sub-relativistic shocks, it may not be valid for rela-
tivistic shocks where vigorous pairs are produced, as indicated by
Levinson (2020); Vanthieghem et al. (2022), although even mild
magnetization of the upstream plasma can lead to a strong cou-
pling Mahlmann et al. (2023). We intend to further investigate this
aspect in our future work.

As in ILN20a and ILN20b, we inject a small number of ther-
mal photons at the upstream boundary, characterized by an energy
distribution in the form of Wien spectra with a temperature equal to
that of the plasma. Specifically, the injected photons have a photon-
to-baryon number ratio of ngu/nu = 10�2, and have a temperature
set at Tu = (3knguarad)

1/3, where k and arad are the Boltzmann
constant and the radiation constant, respectively. This step is taken
merely for numerical convenience and has no noticeable impact on
the results, given that the number and temperature of the injected
photons are much lower than those produced within the shock.

2 Fesc is a negative quantity since we define positive energy flux in the
direction along the flow.
3 The results of the calculations exhibit a relatively weak dependence on
nu, which is particularly evident in relativistic shocks where temperature
regulation by pair production plays a significant role.

MNRAS 000, 000–000 (0000)

Ratio of the 
energy flux 
carried by 
escaping 
photons to the 
incoming 
energy flux of 
the far 
upstream 
baryons

Comparison with Analytical Model (Granot et al. 2018) 5

�10�5�10�4�10�3�10�2�10�1�100�101�102

�̃ =
R

2�unu�Tdz

2

4

6

8

10

�

�u =10

fesc = 0

fesc = 0.41%

fesc = 2.5%

fesc = 5.9%

fesc = 14%

fesc = 41%

Figure 4. Comparison of the Lorentz factor profile as a function of pair un-
loaded optical depth t̃ =

R
2GunusT dz with the analytical model of Granot

et al. (2018) for Gu = 10. For the given escape fraction fesc, the correspond-
ing optimal pairs of the parameters a and h are determined as follows: At
fesc = 0%, a = 3 and h = 0.45; at fesc = 0.41%, a = 0.55 and h = 0.65;
and for fesc = 2.5%, 5.9%, 14%, 41%, both parameters are consistently
found to be at the lower bound of the fitting region, a = 0.5 and h = 0.25,
suggesting the analytical model’s inability to adequately approximate the
simulation results in these cases.

pairs, G(1+aT̂ )mec2, where T̂ represents the temperature normal-
ized by mec2. For the given parameters, the analytical model de-
rives a smooth flow structure that extends from the upstream bound-
ary, where G = Gu, up to the immediate upstream of the subshock,
where G ⇡ 1 is assumed, a position where deceleration by the coun-
terstreaming completed, as a function of t . Here, t represents the
net optical depth of counterstreaming photons from the immedi-
ate downstream of the shock, incorporating the effects of Compton
scattering and pair production.

Note that the model adopts assumptions that are valid only
for sufficiently relativistic flow and, therefore, is not applicable
to the mildly relativistic shocks such as those with an upstream
Lorentz factor of Gu = 2 computed in this study. Hence, compar-
isons with the analytical model are conducted for simulations of
fastest shock, namely Gu = 10. The comparison is performed by
fitting the Lorentz factor profile as a function of the pair-unloaded
Thomson optical depth t̃ =

R
2GunusT dz derived from the analyt-

ical model to the simulation’s corresponding profile, through the
optimization of the values of a and h .7 These values depend on
the energy and angular distributions of pairs and photons and are
expected to be on the order of unity. Accordingly, we conduct the
fitting procedure within predefined ranges, with a set to vary be-
tween 0.5 and 3, and h from 0.25 to 1.0.8 To determine the best-fit
values, we systematically scanned these ranges in increments of
0.05 for both parameters. The comparison is displayed in Figure 4.

While the analytical solution derives a flow profile in which
continuous deceleration due to counterstreaming photons contin-
ues until G ⇡ 1 regardless of fesc, our numerical solution reveals
a subshock where the Lorentz factor, Gsub, significantly deviates

7 While the analytical model directly outputs as a function of t , translating
the optical depth of the simulation to t is non-trivial. Thus, we use the pair-
unloaded optical depth and convert t to t̃ in the analytical model, follow-
ing the methodology outlined in Granot et al. (2018): dt̃ = dt⇤/(xl +1) =
dtsT /[sKN(xl +1)], where sKN = 3sT ln[2G(1+aT̂ )]/[8G(1+aT̂ )].
8 Even if we succeed in obtaining a good fit with values far beyond the
predefined range, the solution should be considered unphysical.

from 1. Therefore, in each fitting procedure, we identify a posi-
tion of t in the analytical solution that matches G = Gsub. Starting
from this position, we conducted a comparison of the Lorentz fac-
tor profiles up to the upstream boundary with the numerical results.
Specifically, we adjusted the position of t = 0 in the analytical so-
lution from the initial position where G ⇡ 1 to a new position where
G = Gsub, effectively shifting it to align with the subshock location
in the numerical solution.

As already shown in ILN20a, the analytical model demon-
strates good agreement with the numerical result within a reason-
able range of h and a for the case of infinite shock. We find that this
agreement persists when the escape fraction is small ( fesc . 1 %).
However, as fesc increases, the discrepancies become more pro-
nounced. For fesc & 5 %, a gap is observed in the deceleration
length in terms of t̃ , which cannot be reconciled within a reason-
able range of the parameters h and a. This discrepancy may be due
to the enhanced strength of the subshock associated with higher fesc
in the numerical results, which exhibits Gsub & 1.7 for fesc & 5 %.
Pinpointing the exact cause is, however, beyond the scope of this
study.

Regargind the shock width, the shock width of the analyti-
cal model scales as Dt̃ ⇡ (mp/me)Gu/ fesc = 5.4 ⇥ 10�3Gu,1 f �1

esc ,
where Gu,1 = Gu/10, matching the scaling seen in Figure 4. On
the other hand, shock width observed in the simulations, which
shows a good match at fesc . 1 %, narrows down faster with in-
creasing fesc. A rough fitting to our simulation results gives Dt̃ ⇡
1.4⇥10�4 f �1.67

esc . As a result, for fesc = 41 %, the simulation with
the largest escape fraction, the simulation exhibits a shock width
narrower than that of the analytical model by a factor of ⇠ 20. As-
suming that this scaling continues up to fesc ⇡ 100 %, the result in-
dicates that the complete breakout takes place at an optical smaller
by a factor ⇠ 40 compared to that of the analytical model for a given
shock Lorentz factor. This implies that, for a given Lorentz factor
at the breakout Gbo, in relativistic schock breakout taking place in
a wind environment (t µ r�1), the breakout radius, rbo, and there-
fore the breakout time, tbo = rbo/(cG2

u), is larger by a factor ⇠ 40
compared to that estimated from the analytical model.

For Gu = 6, it is found that, Dt̃ ⇡ 3.88⇥10�4 f �1.61
esc . At least

in the narrow range Gu = 6 to 10, the numerical solution width do
not scale as µ Gu instead, G�2

u , but since the model is for Gu � 1,
this should be checked for higher fesc. Compared to the analytical
model facor ⇠ 8.3 narrower shock width is expected around full
breakout ( fesc ⇡ 1)

For Gu = 2, it is found that, Dt̃ ⇡ 3.39 ⇥ 10�2 f �0.86
esc . This

is much wider than the analytical model, Dt̃ ⇡ (mp/me)Gu/ fesc =
5.4 ⇥ 10�3Gu,1 f �1

esc , as expected. Because highly relativistic limit
approximation implemented in the model obviously do not hold.

Following Granot et al. (2018), using a dynamical model
for the shock evolution in a wind with explosion energy of E =
1053E53ergs with an progenitor mass of Me j = 5Me j,5M� and ra-
dius of R⇤ = 1011R⇤,11 cm and a wind optical depth tw⇤, one can
roughly estimate the properties of the breakout emission from a
wind. If we assume shock width scale as Dt̃ ⇡ 1.4 ⇥ 10�2G2

u f �1.6
esc

at least in the range 6 . Gu . 10, as obtained in the current simu-
lations, the Lorentz factor at the breakout ( f ⇡ 1) can be estimated
as

gbo ⇡ 2.1t�0.39
w⇤ E0.7

53 M�0.49
e j,5 R0.39

⇤,11 (for 6 . g . 10). (2)

The energy and duration of the breakout emission are estimated,
respectively as

Ebo ⇡ 4⇥1043k�1
0.2 t2

w⇤R2
⇤,11 erg (for 6 . g . 10), (3)
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For fesc = 41 %, the simulation exhibits a shock width narrower than that 
of the analytical model by a factor of ~ 20. Assuming that this scaling 
continues up to fesc ≈100 %, the result indicates that the complete 
breakout takes place at an optical smaller by a factor ~ 40.
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tbo ⇡ 2.4⇥102k0.2R⇤,11 s (for 6 . g . 10). (4)

Note that Ebo and tbo do not show dependence on the explosion
parameters due to the dependence of the shock width on the Lorentz
factor Dt̃ µ G2

u. (Granot et al. (2018) founds Dt̃ µ G�1
u ).

The current results also indicate that the luminosity and Ep
evolution of the breakout phase (emissions during from fesc = 0 to
1) exhibits different behavior from Granot et al. (2018) at least in
the range 6 . Gu . 10.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 5, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
tive of Gu and fesc. This stability reflects the downstream tempera-
ture’s stabilization due to pair production (Ep ⇠ 3kT ). In all cases,
the peak energy of the spectra stably lies in the range of Ep ⇡ 300
- 600 keV regardless of Gu and fesc, reflecting the stabilization
of downstream temperature due to pair production (Ep ⇠ 3kT ).
Each line in the figure, corresponding to a specific value of fesc
as indicated, represents the instantaneous spectrum emitted during
the gradual shock breakout from a wind-like medium at the ra-
dius where the optical depth to infinity ahead of the shock roughly
equals the local shock width (smaller fesc corresponds to earlier
phase of the breakout). It should be noted, however, that to model
the actual breakout signal, the entire spectra, including Ep, must
be boosted to the upstream (observer’s) rest frame, resulting in the
spectra being shifted to higher energies by a factor of ⇠ Gu.

As found in ILN20b for sub- and mildly relativistic shocks
(bu = 0.1 - 0.5), the overall shape of the spectra is substantially
broader than that of the Wien spectrum ( fn µ n3exp(�hn/kT )).
Notably, below the pronounced peak at Ep, produced by the thermal
Comptonization in the downstream region, the spectra exhibit a soft
extension. This extension is characterized by a slope that asymptot-
ically approaches fn µ n0, which is attributed to free-free emission.
It extends down to energies below which the spectra show a break,
resulting from the low-energy cutoff of the free-free emission due
to the Coulomb screening effect. Though energetically less dom-
inant in the spectra, the prominence of the soft tail (the spectral
region where fn µ n0) becomes more pronounced as the escape
fraction increases. To clearly illustrate the feature of this soft ex-
tended tail, the spectra in the fn form are provided in Appendix A
(see Figure A1). This characteristic feature, aligning with the ob-
servations for both sub-relativistic and mildly relativistic shocks as
detailed in ILN20b, suggests that it can be considered a distinctive
signature of shock breakout, independent of shock velocity.

A deviation from the thermal-like spectra is also observed
above Ep, specifically, a non-exponential cut-off feature. While
this feature is modest for Gu = 2, a clear deviation becomes evi-
dent for Gu = 6 and Gu = 10, especially at higher escape fractions.
For example, a significant excess over the exponential cutoff is ob-
served at fesc & 10% for Gu = 6 and 10. This excess is generated
by the effect of the subshock, wherein high-temperature pairs at the
post-subshock region up-scatter a fraction of photons, immediately
transferring their energy. Consequently, the stretch of the high-
energy spectra becomes more pronounced for higher fesc, since the
post-subshock temperature increases due to the enhanced strength
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Figure 5. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

of the subshock as discussed in Section 3. For instance, in the simu-
lation for Gu = 10 with the highest escape fraction ( fesc = 41%), the
post-subshock temperature reaches kT ⇠ 4 MeV. This aligns with
the observed concave curvature observed at hn > Ep in the spectra,
which begins to exhibit a downturn around hn ⇠ 3kT ⇠ 10 MeV
(as illustrated by the red line in the bottom panel of Figure 5).

This high energy excess is a characteristic feature of relativis-
tic shocks, where a significant fraction of energy is dissipated at the
subshock as fesc increases. This is in contrast with sub-relativistic
(bu = 0.1 and 0.25) and mildly relativistic shocks (bu = 0.5) ex-
plored in ILN20b, where no deviation from the exponential cut-
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The spectral peak 
energy lies within the 
range of Ep ≈ 300 to 
600 keV, irrespective 
of and Γu  and fesc , due 
to the stabilization of 
the downstream 
temperature by pair 
production. 
 
Below Ep, the spectra 
exhibit a soft 
extension 
characterized by a 
slope that 
asymptotically 
approaches fν ∝ ν0, 
which is attributed to 
free-free emission. 
 
The excess above Ep 
is generated by the 
effect of the subshock, 
wherein high 
temperature pairs at 
the post-subshock 
region up-scatter a 
fraction of photons, 
immediately 
transferring their 
energy.
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APPENDIX A: SPECTRUM AT LOW ENERGIES

In the main text, we presented the spectrum of photons escaping
from the upstream boundary in the n fn form (Figure 5). Here, in
Figure A1, we illustrate the spectra in fn form to specifically high-
light the characteristic spectral shape of fn µ n0 below the spec-
tral peak (hn ⌧ Ep). Note that the energy range covered in Figure
A1 reaches much lower energies than those illustrated in Figure 5.
Also, note that the jagged appearance of the SED at low energies in
some lines is solely due to the lack of photon statistics.

The figure reveals that the broad spectral feature extends down
to hn ⇠ 1 eV, below which a significant break is observed. The
break reflects the cutoff frequency for free-free emission, which
in our simulations is set at a frequency where Coulomb screening
suppresses the emission, as described in the Appendix of ILN20a:

ncut =
g2

e,thbe,thc
2plD

, (A1)

where lD =
p

kT/4pe2(n+n±) is the Debye length11, and ge,th =

1 + 3/2 f (T )Q and be,th =
q

1� g�2
e,th represent the Lorentz fac-

tor and velocity of thermal motion of electrons, respectively. Here
f (T ) = tanh[(lnQ+ 0.3)/1.93] + 3/2 is an analytical function of
temperature defined in Budnik et al. (2010), obtained from a fit to
the exact equation of state of pairs.

As the equation indicates, ncut varies with position, depending
on the local density of pairs and temperature. In the post-subshock
region, where most photons are produced, the cutoff frequency pro-
gressively decreases in the downstream direction. The spatial pro-
file of ncut is displayed in Figure A2. As seen in the figure, hncut
reaches maximum values of approximately 0.4, 8, and 30 eV in
simulations with the highest escape fractions for Gu = 2, 6, and 10,

11 TThere is a typo in the formula for the Debye length given in ILN20a;
the factor 0.5 before n± is mistakenly included.
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Figure A1. Shock-frame, fn flux of escaping photons normalized by the
total kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle, and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, var-
ious lines represent different escape fractions, as specified in the legend.
Note that the energy range of the spectra varies across different panels.

respectively, at the immediate post-subshock region. These peak
values are higher for higher escape fractions, reflecting elevated
post-subshock temperatures. Beyond the peak, hncut decreases to
about 0.03, 0.2, and 0.3 eV at t⇤ = 10, which corresponds to
roughly one diffusion length downstream from the subshock. While
the maximum values somewhat depend on the escape fractions par-
ticularly for high Gu shocks, the profile beyond t⇤ & 1 shows lit-
tle variation across different escape fractions. This stability is at-
tributed to the minimal variation in the temperature profile that fol-
lows the rapid cooling of subshock-heated pairs (Figure 1-3).
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As fesc 
increases, 
the shock 
width 
narrows, 
and the 
subshock 
becomes 
stronger.
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