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Introduction
2

Similar phenomena: Bose-Einstein condensation 
     a state such that a macroscopic number of bosons condense into  
     a grand state in low temperature. 

•  It is described by the macroscopic wave function. 

• After inflation, scalar condensation (infraton) 
decay plays an important role in the thermal 
history of the Universe.  

• Scalar condensation: scalar bosons exist in the same quantum state such that it 
behave coherently in whole spacetime. 

Example: Inflaton,  Axion, … 

• Due to the decay, catastrophic particle 
productions can happen (parametric resonance.)

 V(φ)

 φ

[From D. baumann,1807.03098]
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Parametric resonance [1/2]

3

• Toy model

: Parent particle  φ

: Douter particleχ

• Equation of motion (Matheiu equation) : Mode function of χk χ

, mχeff = m2
χ + μAφ sin(mφt)

-  Hubble expansion rate is neglected.

-  The effective mass  oscillates depending on time. mχeff

[Yoshimura, PTP, 1995]
[L. Kofman, A. D. Linde, A. A. Starobinsky,PRD56, 3258(1997)]
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Parametric resonance [2/2]

4

• growing mode

χk(t) ∝ exp(λ(k)mφt/2)

μAφ

m2
φ

n2 φ
=

k2
+

m
2 χ

m
2 φ• Instability bound

n2
φ = 1 : φ → χχ

n2
φ = 4 : φφ → χχ

：
：

• Narrow resonance regime: 

μAφ/(m2
φ) ≲ 1

BroadNarrow

Instability band

We evaluate the scalar condensation decay rate :

← Our focus

Γφ = Γnφ=1
φ + Γnφ=2

φ + . . .

[L. Kofman, A. D. Linde, A. A. Starobinsky,PRD56, 3258(1997)]
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Open question
5

 

We discuss  formaulation of the parametirc 

There are distinct ways to evaluate the scalar condensation decay. 

-  1.Feynman diagramatic approach

-  2. Parametric resonance approach

Do they give the same result?

- Whether these approaches are consistent or not is nontrivial. 

Evaluation of decay amplitude of 
scalar condendation 

Track the evolution of the mode 
function of the daughter particle

- Considering the model with a trilinear interaction, we clarified it. 
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1. Feynman diagramatic approach
6

  ingoing φ−(x) : φ

  outgoing φ+(x) : φ
+ …

• Vacuum-to-vacuum transition amplitude can be evaluated the 
effective action:

•  is given by the sum of the bubble diagrams: Seff

<latexit sha1_base64="BjbD+TaBO92bAmQ9zQgFGByU+wE=">AAACFnicbVA9SwNBEN2LXzF+RS1tFoOgheHOIlpJwMYyokmE3BH2NnPJkr29Y3cuGI78Chv/io2FIrZi57/x8lFo4oOBx3szzMzzYykM2va3lVtaXlldy68XNja3tneKu3sNEyWaQ51HMtL3PjMghYI6CpRwH2tgoS+h6fevxn5zANqISN3hMAYvZF0lAsEZZlK7eOrCQ+xKCPA4Fbft1NUhpRAEo5Y7YDruCW/katHt4YmrRKFdLNllewK6SJwZKZEZau3il9uJeBKCQi6ZMS3HjtFLmUbBJYwKbmIgZrzPutDKqGIhGC+dvDWiR5nSoUGks1JIJ+rviZSFxgxDP+sMGfbMvDcW//NaCQYXXipUnCAoPl0UJJJiRMcZ0Y7QwFEOM8K4FtmtlPeYZhyzJMchOPMvL5LGWdmplCs3dql6OYsjTw7IITkmDjknVXJNaqROOHkkz+SVvFlP1ov1bn1MW3PWbGaf/IH1+QNi6J99</latexit>

exp (iSe↵ [']) 3

• Im(bubble diagrams) gives the  decay rate of . φ

Im[                                ]Γφ ∼

… +

+ …… +

[T. Moroi, S. Matsumoto,PRD77 (2008)]

<latexit sha1_base64="wyjL0Ob7stSTzl9iwzyOKzkyYTU="></latexit>

exp (iSeff [ϕ]) = Dχ exp

✓
i

Z
S[ϕ,χ]

◆
<latexit sha1_base64="y2GsTLOfnf3dawg3iPe+SBj/h6A=">AAACEnicbZC7TsMwFIYdriXcAowsFhUSLJXDUFiQKlgYi0QvUhNFjuu2Vh0nsh2kKuQZWHgVFgYQYmVi421w0wzQciRLn/7/HB2fP0w4Uxqhb2tpeWV1bb2yYW9ube/sOnv7bRWnktAWiXksuyFWlDNBW5ppTruJpDgKOe2E4+up37mnUrFY3OlJQv0IDwUbMIK1kQLn1M7yIPNkBONU5x7HYsgpRA/IkwXOPCbyy8CpohoqCi6CW0IVlNUMnC+vH5M0okITjpXquSjRfoalZoTT3PZSRRNMxnhIewYFjqjys+KkHB4bpQ8HsTRPaFiovycyHCk1iULTGWE9UvPeVPzP66V6cOFnTCSppoLMFg1SDnUMp/nAPpOUaD4xgIlk5q+QjLDERJsUbROCO3/yIrTPam69Vr9F1cZVGUcFHIIjcAJccA4a4AY0QQsQ8AiewSt4s56sF+vd+pi1LlnlzAH4U9bnDxcEnb4=</latexit>

out〈0|0〉in =

<latexit sha1_base64="NXn2k1ztc4PpZ6zDKEC0ea+nWyI="></latexit>

|out〈0|0〉in|2 ∝ exp
�
−ΓL3T

�
,

[A. Kamada, KS, JHEP 04 (2026) 003]
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2. Parametric resonance approach 
7

| out⟨0 |0⟩in |2 = ∏
k

1
1 + nk

• Vacumme to vaccum transtion amplitude:

nk ∼ exp(λmφt)

| out⟨0 |0⟩in |2 ≃ exp (−
1
2 ∑

k

log nk)
∝ exp (−

mφ

2 ∫
dk3

(2π)3
λVt) ≡ exp (−ΓφVt)

Γφ =
mφ

2 ∫
dk3

(2π)3
λk

[Yoshimura, PTP, 1995]
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Expanstions parameters
8

v ≲ ma

●  Difference between  these two models

Small amplitude: θ ≪ 1

• The decay rate can be schematically given by 

• For given , the maximum of  is fixed. p q

q, p : positive integer, p ≥ 1,q ≥ 0,

β = 1 − 4m2
χ /(n2

φm2
φ)

<latexit sha1_base64="59sbb4rpNmKlW3jNs0VljgUrDUM=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdhNES0UIjaWEcwFsmuYncwmQ2Z2l5mzgbDsK9j4KjYWitja2fk2Ti6CJv4w8PGfczhzfj8WXINtf1krq2vrG5u5rfz2zu7efuHgsKmjRFHWoJGIVNsnmgkesgZwEKwdK0akL1jLH15P6q0RU5pH4R2MY+ZJ0g95wCkBY3ULJRcGDMilGyhCU1cm+KrrjoiKBzxL5Q/eV7JuoWiX7anwMjhzKKK56t3Cp9uLaCJZCFQQrTuOHYOXEgWcCpbl3USzmNAh6bOOwZBIpr10elGGT43Tw0GkzAsBT93fEymRWo+lbzolgYFerE3M/2qdBIJzL+VhnAAL6WxRkAgMEZ7Eg3tcMQpibIBQxc1fMR0Qkw2YEPMmBGfx5GVoVspOtVy9tYu1i3kcOXSMTlAJOegM1dANqqMGougBPaEX9Go9Ws/Wm/U+a12x5jNH6I+sj29ck535</latexit>

✓ =
µA'

m2
'

Nφ = 1
<latexit sha1_base64="qlpYaRqp67txfwqRQOkiThaSA8g=">AAACC3icbVC5TgMxEPVyE64AJY2VCImGaDdFoOQooAwSOaRsiGYdh1jY3sWeRYpW6Wn4FRoKEKLlB+j4G5yj4HrSSM/vzcgzL0qksOj7n97M7Nz8wuLScm5ldW19I7+5VbdxahivsVjGphmB5VJoXkOBkjcTw0FFkjeim9OR37jjxopYX+Ig4W0F11r0BAN0UidfCM9AKQi1oMdhxBGusmC/fDsMsT9+lJNhJ1/0S/4Y9C8JpqRIpqh28h9hN2ap4hqZBGtbgZ9gOwODgkk+zIWp5QmwG7jmLUc1KG7b2fiWId11Spf2YuNKIx2r3ycyUNYOVOQ6FWDf/vZG4n9eK8XeYTsTOkmRazb5qJdKijEdBUO7wnCGcuAIMCPcrpT1wQBDF1/OhRD8PvkvqZdLQaVUufCLRyfTOJbIDimQPRKQA3JEzkmV1Agj9+SRPJMX78F78l69t0nrjDed2SY/4L1/AUHLmpI=</latexit>

� 3 A�1�2q✓2p

<latexit sha1_base64="Bh/Bs9jOJC/yjPaWAB7T4YWBLyM="></latexit>

� = ...+ �✓2p

Aqmax

�2qmax
+

Aqmax�1

�2(qmax�1)
+ ...+A0

�
+ ...

Small velocity: β ≪ 1

Dominant contributions in  expansionβ Higheset order contributions in  
expansion 

β
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Schematic picture of expanstions in each way
9

v ≲ ma

●  Difference between  these two models

(  expation )θ
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Schematic picture of expanstions in each way
10

v ≲ ma

●  Difference between  these two models
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Example: p = 2, q = 2
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Example:p=2,   [Feynman diagramatic approach]nφ = 1
11

- Procedure to evaluate bubble diagrams

For diagram1:

For diagram2:

k1 = k3

k2 = k4k1 = k3

k1

k3

k2

k4

(1) (2)

①“Pinch” diagrams:
<latexit sha1_base64="m4h15v2gQ6CMSTKiSCwXMiVKf88="></latexit>

(k2 �m2
�)

�2 ! � lim
⇠!m2

�

@

@⇠
(k2 � ⇠)�1

②Apply cutting rules:
<latexit sha1_base64="tHosUmNSzqxqTyeq0so7EHjz4wg="></latexit>

(k02 �m2
�)

�1 ! �(k02 �m2
�)

Nφ = 1 Nφ = 2
<latexit sha1_base64="gknp87cMtTLSv2TXa+kxG89HsZs="></latexit>

Γϕ = −
m4

ϕ

16π

✓
µAϕ

2m2
ϕ

◆4

×


1

2β3
1

+
3

2β1
+ β1

�
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Example:p=2,   [Parametric resonance apprroach]nφ = 1
12

λ =
1
2

θ2 − ϵ2

−θ < ϵ < θ

∼ 𝒪(θ)

<latexit sha1_base64="OGzzwALhyO15tXjovQNtiU0gpoQ=">AAACk3icbVFda9swFJW9ry77cjf2tBexMEgZDbYZWWF0C9tge9noYGkLURxkRY5FJdmVrgtB+A/t5+xt/2ZK4n21uyA4nHN0r3RuXkthIY5/BOG16zdu3tq53btz9979B9Huw2NbNYbxCatkZU5zarkUmk9AgOSnteFU5ZKf5Gfv1vrJBTdWVPorrGo+U3SpRSEYBU/No2/kA1WKzh3JOdB5QqDCcZu5z565oKYuRXuYtIekMJ Q59YfMXrQuSQ8wqUWWtj0iNGQEynUPt78F7YLw2gpZadwj9tyAI5IXMOgmZenz3zoxYlnCXtv5BtsGWbr/y5Gle+086sfDeFP4Kkg60EddHc2j72RRsUZxDUxSa6dJXMPMUQOCSe6HNZbXlJ3RJZ96qKniduY2mbb4mWcWuKiMPxrwhv37hqPK2pXKvVNRKO1lbU3+T5s2UBzMnNB1A1yz7aCikdgHv14QXgjDGciVB5QZ4d+KWUl9/ODX2PMhJJe/fBUcp8NkNBx9ifvj110cO+gJeooGKEEv0Rh9REdoglgQBaPgTTAOH4evwrfh+601DLo7j9A/FX76CYdmyco=</latexit>

�
N'=1
�1!0 =

m4
'

128⇡2

Z ✓

�✓
d✏
q

(�2
1 + ✏)

p
(✓2 � ✏2)

= β1 [1 −
1
8 ( ϵ

β2 )
2

−
5

128 ( ϵ
β2 )

4

. . . ]

∼ 𝒪(θ)

<latexit sha1_base64="QmftOVBoBMCnyZ1ncBS8aT25PN8="></latexit>

= �
m4

'

16⇡

1X

p=1

�5�4p

✓
µA'

2m2
'

◆2p (4p� 7)!!

(p� 1)!p!

The order of  and that 
of  is related: 

β
θ

 [for  ]q = 2(p − 2) β1−2qθ2p

<latexit sha1_base64="dO6/jtyS8vWj3eNIDepnOgpMEto="></latexit>

= �
m4

'

16⇡

"
��1

✓
µA'

2m2
'

◆2

+
1

2�3
1

✓
µA'

2m2
'

◆4

+
5

4�7
1

✓
µA'

2m2
'

◆6

+ ...

#

<latexit sha1_base64="3i2mlrX70CuQSiiiJI1lPczm5fQ="></latexit>

�(N'=1) = �
m4

'

16⇡

✓
µA'

2m2
'

◆4  1

2�3
1

+
3

2�1
+ �1

�
(QFT result): 

Equivarent!



/15

Consistency between two approaches
13

 case  ( )nφ = 1 Γ ∋ β1−2q
1 θ2p

✔︎ ✔︎ 
✔︎ 
✔︎ 

✔︎ 
✔︎ 
✔︎ 
✔︎ 
✔︎ 

✔︎ ✔︎ 
✔︎ 
✔︎ ✔︎ 

✔︎ 
✔︎ 

✔︎ 
✔︎ 
✔︎ 

✔︎ 
 case ( )nφ = 2 Γ ∋ β1−2q

2 θ2p

✔︎ ✔︎ 
✔︎ 

✔︎ 

✔︎ 
✔︎ 

✔︎ 
✔︎ 

✔︎ 

✔︎ 
✔︎ 

✔︎ 
✔︎ 

✔︎ 

✔︎: computed by QFT approach
✔︎: computed by parametric resonance

We checked consistenny in between these two appaoaches for overlapped points. 
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Time evolution of scalar condensation decay

14

 
• Feynman-diagrammatic: initial and final states are specified as asymptotic states, and no 

explicit time evolution is involved in the evaluation of the scattering amplitude.

• Parametric resonance: we do not use a approximation of the growing mode. we follow time 
evolution of the distribution function in both perturbative and nonperturbative ways. 

[preliminary]

Γ φ
[P

ar
am

et
ric

]/
Γ φ

[F
ey

nm
an

]

-  At N~100, the distribution 
function is much populated. 

-  At N~2, the distribution function 
is smaller than one. 
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Summary

15

• We discussed the evaluation of scalar condensation decays in two 
different ways.

• Calculations in the Feynman diagrammatic approach coincide with the 
Parametric resonance approaches. This is checked by including lower 
orders in the (p,q) plane.

• When N>2, two approaches are consistent within the error of ~10%.



Back up

16
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Approach 1:Scalar condensation decays in QFT [1/3]
17

Set up
<latexit sha1_base64="5w54KGZnEnbV871gyTV2EohUUZY="></latexit>

L =
1

2
(@µ')(@

µ') +
1

2
(@µ�)(@

µ�)� 1

2
m2

''
2 � 1

2
µ'�2

<latexit sha1_base64="yfKR7Vq8qjsRTlLG9f7VXUN5ds0=">AAACLHicbVDLSgNBEJz1GeMr6tHLYBA8SNj1oOJJ9OIxgnlANoTe2V4zODuzzMyKYckHefFXBPGgiFe/w0nMQRPrVFRV090VZYIb6/vv3tz8wuLScmmlvLq2vrFZ2dpuGpVrhg2mhNLtCAwKLrFhuRXYzjRCGglsRXeXI791j9pwJW/sIMNuCreSJ5yBdVKvchneg876/IyGaaQeCsNAgKZMyRilseBCw8OQ0nLIZkIJRxEPablXqfo1fww6S4IJqZIJ6r3KSxgrlqcoLRNgTCfwM9stQFvOBA7LYW4wA3YHt9hxVEKKpluMnx3SfafENFFuv5KWjtXfEwWkxgzSyCVTsH0z7Y3E/7xObpPTbsFllluU7GdRkgtqFR01R2OukVkxcASY5u5WyvqggVnX76iEYPrlWdI8qgXHteNrv3p+MamjRHbJHjkgATkh5+SK1EmDMPJInskbefeevFfvw/v8ic55k5kd8gfe1zeNkKe/</latexit>

' : scalar condenstaion, � : scalar field

Bacis ideas

• We assume that   can be expressed as a coherent state. φ
<latexit sha1_base64="txRTqVhLzqLVUvIFrJJFj5f4KDQ=">AAACT3icbZHPT9swFMedjm3Qsa0bRy5PVJN2YF3SA9sRjcuOTKKA1LTRi/uSWjhOZjuVqjT/4S7bbf8GFw5MCLcExI89ydJH3+/zs/11XEhhrO//9VrP1p6/eLm+0X61+frN286798cmLzWnAc9lrk 9jNCSFooEVVtJpoQmzWNJJfHaw9E9mpI3I1ZGdFzTKMFUiERytk6JOArCAcIa6mAoINapUEoT0sxSzNgCNq0+Lg6jxF+P+5359I9+JEE7RVlhHVRgn4NfjcIJpSrp2c/3bibtRp+v3/FXBUwga6LKmDqPOn3CS8zIjZblEY4aBX9hRhdoKLqluh6WhAvkZpjR0qDAjM6pWedTwwSkTSHLtlrKwUu/vqDAzZp7FrjNDOzWPvaX4P29Y2uTrqBKqKC0pfnNQUkqwOSzDhYnQxK2cO0Cuhbsr8Clq5NZ9QduFEDx+8lM47veCvd7eD7+7/62JY51tsx32kQXsC9tn39khGzDOfrFzdsn+eb+9C++q1bS2vAa22INqbVwDOMGySw==</latexit>

|'i ⌘ e�|C'|2/2eC'â†
0 |0i,

→From them, scalar condendation decay rate can be systematically computed.  

  ⟨φ | φ̂ |φ⟩ = A cos(mφt)
Solution of clacical EOM of  is produced:φ

• From the unitarity of S-matrix, the decay rate of any particle can be 
calcurated by Im(T-matrix): 

<latexit sha1_base64="Je2ielCIS2mt7J+f/pBH/EtnEEg="></latexit>

Prob(|'i ! all) =
X

f

���hf |T̂ |'i
���
2
= 2=

h
h'|T̂ |'i

i
.
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Approach 1:Scalar condensation decays in QFT  [2/3]
18

<latexit sha1_base64="wMCzA98rDlehzHDng266i1ToNbI="></latexit>

h'|T̂ |'i ⌘
1X

p=1

X

F(2p)

T F(2p) Feynman diagrams with 2p coupling 
insertions at 1 loop level.

<latexit sha1_base64="+giMwC1vFTrcaHIGRWzmw7hshB8="></latexit>

X

F(2p)

T F(2p)

=
1X

p=1

�i

(2p)!

✓
iµ

2

◆2p D
0
���T

Z
d4x {'�(x) + '+(x)} �̂(x)�̂(x)

�2p ���0
E
,

<latexit sha1_base64="QKlubVwm9dStgxUGK/hv2HYBXEc="></latexit>

h'|'̂(x)|'i = '�(x) + '+(x)

  ingoing φ−(x) : φ

  outgoing φ+(x) : φ

[T. Moroi, S. Matsumoto,PRD77 (2008)]
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Approach 1:Scalar condensation decays in QFT  [3/3]
19

<latexit sha1_base64="wMCzA98rDlehzHDng266i1ToNbI="></latexit>

h'|T̂ |'i ⌘
1X

p=1

X

F(2p)

T F(2p) Feynman diagrams with 2p coupling 
insertions at 1 loop level. 

<latexit sha1_base64="+giMwC1vFTrcaHIGRWzmw7hshB8="></latexit>

X

F(2p)

T F(2p)

=
1X

p=1

�i

(2p)!

✓
iµ

2

◆2p D
0
���T

Z
d4x {'�(x) + '+(x)} �̂(x)�̂(x)

�2p ���0
E
,

<latexit sha1_base64="QKlubVwm9dStgxUGK/hv2HYBXEc="></latexit>

h'|'̂(x)|'i = '�(x) + '+(x)

  ingoing φ−(x) : φ

  outgoing φ+(x) : φ

Cut

Eχχ

ki

kj

 φ−

 φ+

Matrix element:
<latexit sha1_base64="pTYwAKcAKvJRud7Q6sIzlQUSrzw="></latexit>

L3TSF

����
µA'

2

����
2p Z d4k̃

(2⇡)4

2pY

I=1

(k2I �m2
� + i0+)�2,

The imaginary part is computed by applying cuts. 

  amplitude of Aφ : φ

[T. Moroi, S. Matsumoto,PRD77 (2008)]
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Effective action
20

+ …

• Another way for the decay of the condensation  is to evaluate the 
effective action:

<latexit sha1_base64="j/aa7a/5tgu4Jxc1iP8t68G/XzA="></latexit>

exp (iSe↵ [']) = exp

✓
i

Z
D�Se↵ [',�]

◆

•  is given by the sum of the bubble diagrams: Seff

<latexit sha1_base64="BjbD+TaBO92bAmQ9zQgFGByU+wE=">AAACFnicbVA9SwNBEN2LXzF+RS1tFoOgheHOIlpJwMYyokmE3BH2NnPJkr29Y3cuGI78Chv/io2FIrZi57/x8lFo4oOBx3szzMzzYykM2va3lVtaXlldy68XNja3tneKu3sNEyWaQ51HMtL3PjMghYI6CpRwH2tgoS+h6fevxn5zANqISN3hMAYvZF0lAsEZZlK7eOrCQ+xKCPA4Fbft1NUhpRAEo5Y7YDruCW/katHt4YmrRKFdLNllewK6SJwZKZEZau3il9uJeBKCQi6ZMS3HjtFLmUbBJYwKbmIgZrzPutDKqGIhGC+dvDWiR5nSoUGks1JIJ+rviZSFxgxDP+sMGfbMvDcW//NaCQYXXipUnCAoPl0UJJJiRMcZ0Y7QwFEOM8K4FtmtlPeYZhyzJMchOPMvL5LGWdmplCs3dql6OYsjTw7IITkmDjknVXJNaqROOHkkz+SVvFlP1ov1bn1MW3PWbGaf/IH1+QNi6J99</latexit>

exp (iSe↵ [']) 3

• Im(bubble diagrams) gives the  decay rate of . φ

Im[                                ]Γφ ∼

… +

+ …… +

[T. Moroi, S. Matsumoto,PRD77 (2008)]
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• Schrödinger equation of wave functional  :Ψ

-  corresponds to the special Fourier components of . qk χ(x, t)

i
∂
∂t

Ψ(qk, t) = HΨ(qk, t), H(t) = ∑
k

=
1
2

π2
k +

1
2

E2
χ.k,eff(t)q2

k

-  can be decomposed into the products of each mode (space 
translation invariance): 
Ψ

Ψ(qk, t) = ∏
k

ψk(qk, t)

i
∂
∂t

ψ(qk, t) = −
1
2

ψ(qk, t) +
1
2

E2
χ,effψ(qk, t)
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• Gaussian ansatz: 

ψ(qk, t) =
1
uk

exp ( i
2

·uk

uk
q2

k ),

- Initial conditions: uk(0) = ( π
Eχ,k,eff )

1/2

,

|⟨ψ(qk,0) |ψ(qk, t)⟩ |2 =
1

1 + nk

··uk(t) + Eχ,k,eff(t)2uk(t) = 0

·uk(0)
uk(0)

= iEχ,k,eff(0) Gaussian solution 
for  ψ(qk,0)

• Decay amplitude: nk ∼ exp(λmφt)

|⟨Ψ(qk,0) |Ψ(qk, t)⟩ |2 ≃ exp (−
1
2 ∑

k

log nk)
∝ exp (−

mφ

2 ∫ ΠkλVt) ≡ exp (−ΓVt)
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Matheieu equation: (  )z ≡ mφt/2
<latexit sha1_base64="zN1uNk8ZeEK7nRhY9eyhQlR8hyg="></latexit>

d2uk

dz2
+ {h� ✓ exp(�2iz)� ✓ exp(2iz)}uk = 0

<latexit sha1_base64="BoUayZWYG0UQtS9eCR5m3XImTPI="></latexit>

�̂ =
1

(2⇡)3/2

Z
dk3 (u⇤

kâk exp(ik · x) + ukâk exp(�ik · x))

<latexit sha1_base64="mFQ6hY/sbGItMjzfywsbfZ2sz+M="></latexit>

h = 4
k2 +m2

�

m2
'

, ✓ =
µA'

m2
'

<latexit sha1_base64="CXUS6pbouQscpKJtTI4yTdRNOuo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovQbkriorpQKLhxWcE+oAllMrlph04ezEzENhT8FTcuFHHrd7jzb5y2WWjrgYHDOfdw7xwv4Uwqy/o2VlbX1jc2C1vF7Z3dvX3z4LAl41RQaNKYx6LjEQmcRdBUTHHoJAJI6HFoe8Obqd9+ACFZHN2rUQJuSPoRCxglSks98zi9duAxKTtcZ3yCx5VGeVzpmSWras2Al4mdkxLK0eiZX44f0zSESFFOpOzaVqLcjAjFKIdJ0UklJIQOSR+6mkYkBOlms/Mn+EwrPg5ioV+k8Ez9nchIKOUo9PRkSNRALnpT8T+vm6rg0s1YlKQKIjpfFKQcqxhPu8A+E0AVH2lCqGD6VkwHRBCqdGNFXYK9+OVl0jqv2rVq7c4q1a/yOgroBJ2iMrLRBaqjW9RATURRhp7RK3oznowX4934mI+uGHnmCP2B8fkDotyUnA==</latexit>

u = exp(�z)P (z)Floquet solution :

- Parametric resonacne for Re( ) >0λ

: growth factorλ

:periodic functionP(Z )

- Bloch wave for Re( ) =0λ

The decay rate of  can be also obtained by integrateging groth factor in 
the phase space. 

φ
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Calcuration of growth factor: 

<latexit sha1_base64="gfDI1zChwWPjhohqdFdRtD3p4FA="></latexit>

u = exp(�z)P (z), P (Z) =
1X

k=�1
Ck(z) exp(in+ 2k)z

 The coefficent  satisfies the recurrence relation, Ck

 The periodic function   can be expressed by Fourier seriesP(z)

- We have applied small amplitude limit ( ). θ ≪ 1

- The leading order term vanishes in the case of k = 0, − 1.

<latexit sha1_base64="R/CzS1jHlT0Lt593FMVhlTbmBfg=">AAACF3icbVBNSwMxEM36WetX1aOXYBGEYtn1UL0ohV48VrAqtGWZTdM2bLK7JLNCWfovvPhXvHhQxKve/DemdQW1Pgi8eW+GybwgkcKg6344c/MLi0vLhZXi6tr6xmZpa/vKxKlmvMViGeubAAyXIuItFCj5TaI5qEDy6yBsTPzrW66NiKNLHCW8q2AQib5ggFbyS9XOAJQCP6QNPzzs4JAj+JWGn4UVb/xdH+b1qeuXym7VnYLOEi8nZZKj6ZfeO72YpYpHyCQY0/bcBLsZaBRM8nGxkxqeAAthwNuWRqC46WbTu8Z03yo92o+1fRHSqfpzIgNlzEgFtlMBDs1fbyL+57VT7J90MxElKfKIfS3qp5JiTCch0Z7QnKEcWQJMC/tXyoaggaGNsmhD8P6ePEuujqperVq7cMv1szyOAtkle+SAeOSY1Mk5aZIWYeSOPJAn8uzcO4/Oi/P61Trn5DM75Bect0+m1p5T</latexit>

�kCk � ✓+Ck+1 � ✓�Ck+1 = 0

−4k(n + k) + 𝒪(λ, ϵ) (k ≠ 0, − 1)γk =
ϵ ± 2inλ + 𝒪(λ2) (k = 0, − 1)

[M.Yoshimura,Prog. Theor. Phys.94 (1995)]
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 can be obtained from the relations for k=0,-1. λ

<latexit sha1_base64="w5Hz7y3ezODEnVLU15RX0HAd/vg=">AAACFHicbVBNSwMxEM36WetX1aOXYBGE0pL1UL0ohV48VrAqtGWZTdM2mOwuyaxQlv4IL/4VLx4U8erBm//GtFZQ64PAm/dmmMwLEyUtMvbhzc0vLC4t51byq2vrG5uFre1LG6eGiyaPVWyuQ7BCyUg0UaIS14kRoEMlrsKb+ti/uhXGyji6wGEiOhr6kexJDuikoFBq90FrCBitB6zcxoFACEr1IPNH31XZVWV/dMKCQpFV2AR0lvhTUiRTNILCe7sb81SLCLkCa1s+S7CTgUHJlRjl26kVCfAb6IuWoxFoYTvZ5KgR3XdKl/Zi416EdKL+nMhAWzvUoevUgAP71xuL/3mtFHvHnUxGSYoi4l+LeqmiGNNxQrQrjeCoho4AN9L9lfIBGODocsy7EPy/J8+Sy8OKX61Uz1mxdjqNI0d2yR45ID45IjVyRhqkSTi5Iw/kiTx7996j9+K9frXOedOZHfIL3tsnxRicwA==</latexit>

�0C0 � ✓+C1 � ✓�C�1 = 0
<latexit sha1_base64="YstqtDq7xtpq4PViKjno9zecfvw=">AAACH3icbVBNSwMxEM36WetX1aOXYBEEadn1UL0ohV48KlgV2rLMpmkbmmSXZFYoS/+JF/+KFw+KiDf/jelaRK0PQl7em2EyL0qksOj7H97c/MLi0nJhpbi6tr6xWdravrZxahhvsljG5jYCy6XQvIkCJb9NDAcVSX4TDRsT/+aOGytifYWjhHcU9LXoCQbopLBUa/dBKQizih7TRn5V2jjgCOFh/jwMvoVKLlSC8akflsp+1c9BZ0kwJWUyxUVYem93Y5YqrpFJsLYV+Al2MjAomOTjYju1PAE2hD5vOapBcdvJ8v3GdN8pXdqLjTsaaa7+7MhAWTtSkatUgAP715uI/3mtFHsnnUzoJEWu2degXiopxnQSFu0KwxnKkSPAjHB/pWwABhi6SIsuhODvyrPk+qga1Kq1S79cP5vGUSC7ZI8ckIAckzo5JxekSRi5J4/kmbx4D96T9+q9fZXOedOeHfIL3scneBOhVQ==</latexit>

��nC�n � ✓+C�n+1 � ✓�C�n�1 = 0

γN −θ− 0 . . .
−θ+ γN−1 −θ− . . .

0 −θ+ . . . . . .
. . . . . . . . . . . . −θ− . . . . . .
. . . . . . . . . −θ+ γ0 . . .
. . . . . . . . . . . . . . . . . . −θ− . . . . . .
. . . . . . . . . . . . . . . −θ+ γ−n. . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . −θ−
. . . . . . . . . . . . . . . . . . . . . . . . −θ+ γ−N

cN
cN−1.....
c0...
c−n.....
C−N

= 0

Relation between  and  are calcurated by solving the tridiagonal matrix:Ck Ck±1

Concreate expressions of  for  at LOλ n = 1

λ =
1
2

θ2 − ϵ2 −θ < ϵ < θ
Analytical expression of  can 
be obtained by itterative 
approximation. 

λ

[M.Yoshimura,Prog. Theor. Phys.94 (1995)]


