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Radiation Mediated Shocks (RMS)

upstream plasma approaching the shock is decelerated by scattering of  
counter streaming photons  
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Relativistic RMS (RRMS) (vu ~ c) 

• full radiation transfer calculation is necessary  
• Klein-Nishina effect  &  e+- pair production/annihilation are important

Figure 1: Schematic illustration of the structure of a slow (upper panel), fast (middle panel) and relativistic
(lower panel) RMS. The five distinct regions (three in a slow shock) are indicated. The solid black and
dashed red lines delineate the velocity and temperature profiles, respectively. In a slow shock the temperature
approaches the black body limit inside the shock, whereas in fast and relativistic shocks this limit is reached
far downstream; the temperature in the immediate downstream can be considerably higher, depending on
the shock velocity and the photon-to-baryon ratio far upstream. In a relativistic, photon starved RMS the
immediate downstream temperature is regulated by copious pair production and ranges from about 100 keV
for bu ' 0.5 to 200 keV for gubu >> 1. The newly created pairs also dominate the shock opacity. The
horizontal axis gives the optical depth traversed by a photon moving towards the upstream.
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RRMS breakout from a wind   
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RRMS breakout from a wind   
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Analytical Model of Granot, Levinson, Nakar 2018 (GLN18)

, and we define f ≡ xesc
x0

≈
tion of downstream photons that escape to infinity, with 0

Escape fraction of photons

　Δτ∝ Γu f-1 

  Breakout optical depth: τbo ~ (me / mp) Γbo 
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Fig. 6 shows !τ̃ , obtained from integration of the full equations

where µ = me
mp

,
is the plasma three-velocity with respect to the shock frame and

Assumption

• Td ~ 100 - 200 keV =>    couterstreaming photon energy εγ ~ mec2

• Scatterback or pair converted pairs deposite theramal energy ~ η Γmec2  (η ~ 1)

•Γ >>１, steady

dxl

dτ
= −(xl + xesc).

conservation law:

!(1 + (xl + 1)µT̂ ) = !u.

Reproduces infinite shock solutions of Budnik+2010 and HI+2020
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ingly, the energy of ejecta with Lorentz factors greater than
be expressed as E(> G) ⇤ E0(G/G0)

�1.1, where
sent the Lorentz factor and the energy, respectively, of the break-
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Application to Spherical relativistic explosion model ∼ bo
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Reproduces infinite shock solutions of Budnik+2010 and HI+2020

This study
Monte Carlo simulations of RRMS for fesc > 0

However 
• Several crude approximations 
• No numerical solution that can calibrate solutions fesc >0 
• Spectra cannot be evaluated

Ds
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Microphysics
・Compton scattering with full Klein-Nishina    
    cross section
・free-free emission & absorption 
・e- - e+ production & absorption

Give plasma profile (n,T,Γ)

Solve radiation transfer using Monte-Carlo Method

Evaluate deviation from energy-momentum conservation

Iterate until convergence is achieved

feedback

Assumptions
・pure p-e plasma upstream 

・p-e(-e+) are single fluid with same temperature 
・p-e -(e+) obey Maxwell distribution 

      Likely to breakdown near the subshock and when numerous pairs are  
      present (Levinson + 2020)

                    Numerical method HI et al. 2018, 2020a,2020b
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RRMS with photon escape 4 Ito
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Figure 1. Profiles of 4-velocity (top), temperature (middle), and pair-to-
baryon ratio (bottom) as functions of the pair-loaded Thomson optical depth
t⇤ =

R
G(n+n±)sT dz for the simulations with an upstream Lorentz factor

of Gu = 2. The profiles are represented by solid lines in green, orange, pur-
ple, blue, and red, each indicating the results from finite shocks with differ-
ent escape fractions as detailed in the legend. For comparative purposes, the
structure of an infinite shock is depicted with a black line. It is noted that for
infinite shocks, the upstream boundary extends beyond the left edge of the
figure, whereas the leftmost points of the finite shock profiles mark their re-
spective upstream boundaries. A discontinuous jump in both the 4-velocity
and temperature profiles at t⇤ = 0 reflects the presence of a subshock.

4-velocity at the immediate upstream of the subshock, Gu,subbu,sub,
is approximately 0.84, 0.85, 1.08, 1.4, 2.25, and 4.35 for fesc ' 0,
0.41, 2.5, 5.9, 14, and 41 %, respectively. This results in a frac-
tion of the total kinetic energy being dissipated at the subshock,
which we evaluate as the reduction in kinetic energy flux of the
plasma across the subshock, normalized by the incoming kinetic
energy flux at the upstream boundary expressed as dFkin,sub/Fb =
[1+(n±/n)subme/mp](Gu,sub �Gd,sub)/(Gu �1), to increase as 4.8,
4.8, 8.8, 14, 25, and 48% for the corresponding values of fesc.8

Here, Gd,sub denotes the Lorentz factor immediately downstream of
the subshock, and (n±/n)sub indicates the pair-to-baryon number
density ratio at the subshock. The result implies that the role of ra-

8 For Gu = 2 (6), the reduction of kinetic energy across the subshock
dFkin,sub/Fb is roughly 15% (45%) for the simulation with the highest es-
cape fraction of fesc = 35% (46%).
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Figure 2. Same as Figure 1, but for Gu = 6.

diation mediation in the shock weakens as fesc increases, and a sig-
nificant amount of energy is dissipated by the plasma interactions
at the subshock in finite shocks with high escape fractions. This is
in contrast with the sub-relativistic shocks, where subshocks do not
appear even at a high escape fraction ( fesc ⇠ 70% for b  0.25;
ILN20b).

In all cases, the post-subshock velocity is close to that of the
far downstream, implying that most of the shock deceleration is ac-
complished at this point. Following the subshock, the velocity ex-
hibits a slight and gradual decline, ultimately reaching a far down-
stream value that is lower for higher fesc, due to increased radiative
losses.

As mentioned above, the subshock also leads to a jump in the
temperature, due to the dissipation of plasma kinetic energy, mani-
festing as a discontinuous spike in Figures 1 - 3. Due to the propor-
tionality of the subshock strength with the escape fraction, simula-
tions with larger escape fractions exhibit a more pronounced tem-
perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
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Figure 1. Profiles of 4-velocity (top), temperature (middle), and pair-to-
baryon ratio (bottom) as functions of the pair-loaded Thomson optical depth
t⇤ =

R
G(n+n±)sT dz for the simulations with an upstream Lorentz factor

of Gu = 2. The profiles are represented by solid lines in green, orange, pur-
ple, blue, and red, each indicating the results from finite shocks with differ-
ent escape fractions as detailed in the legend. For comparative purposes, the
structure of an infinite shock is depicted with a black line. It is noted that for
infinite shocks, the upstream boundary extends beyond the left edge of the
figure, whereas the leftmost points of the finite shock profiles mark their re-
spective upstream boundaries. A discontinuous jump in both the 4-velocity
and temperature profiles at t⇤ = 0 reflects the presence of a subshock.

4-velocity at the immediate upstream of the subshock, Gu,subbu,sub,
is approximately 0.84, 0.85, 1.08, 1.4, 2.25, and 4.35 for fesc ' 0,
0.41, 2.5, 5.9, 14, and 41 %, respectively. This results in a frac-
tion of the total kinetic energy being dissipated at the subshock,
which we evaluate as the reduction in kinetic energy flux of the
plasma across the subshock, normalized by the incoming kinetic
energy flux at the upstream boundary expressed as dFkin,sub/Fb =
[1+(n±/n)subme/mp](Gu,sub �Gd,sub)/(Gu �1), to increase as 4.8,
4.8, 8.8, 14, 25, and 48% for the corresponding values of fesc.8

Here, Gd,sub denotes the Lorentz factor immediately downstream of
the subshock, and (n±/n)sub indicates the pair-to-baryon number
density ratio at the subshock. The result implies that the role of ra-

8 For Gu = 2 (6), the reduction of kinetic energy across the subshock
dFkin,sub/Fb is roughly 15% (45%) for the simulation with the highest es-
cape fraction of fesc = 35% (46%).
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diation mediation in the shock weakens as fesc increases, and a sig-
nificant amount of energy is dissipated by the plasma interactions
at the subshock in finite shocks with high escape fractions. This is
in contrast with the sub-relativistic shocks, where subshocks do not
appear even at a high escape fraction ( fesc ⇠ 70% for b  0.25;
ILN20b).

In all cases, the post-subshock velocity is close to that of the
far downstream, implying that most of the shock deceleration is ac-
complished at this point. Following the subshock, the velocity ex-
hibits a slight and gradual decline, ultimately reaching a far down-
stream value that is lower for higher fesc, due to increased radiative
losses.

As mentioned above, the subshock also leads to a jump in the
temperature, due to the dissipation of plasma kinetic energy, mani-
festing as a discontinuous spike in Figures 1 - 3. Due to the propor-
tionality of the subshock strength with the escape fraction, simula-
tions with larger escape fractions exhibit a more pronounced tem-
perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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Figure 1. Profiles of 4-velocity (top), temperature (middle), and pair-to-
baryon ratio (bottom) as functions of the pair-loaded Thomson optical depth
t⇤ =

R
G(n+n±)sT dz for the simulations with an upstream Lorentz factor

of Gu = 2. The profiles are represented by solid lines in green, orange, pur-
ple, blue, and red, each indicating the results from finite shocks with differ-
ent escape fractions as detailed in the legend. For comparative purposes, the
structure of an infinite shock is depicted with a black line. It is noted that for
infinite shocks, the upstream boundary extends beyond the left edge of the
figure, whereas the leftmost points of the finite shock profiles mark their re-
spective upstream boundaries. A discontinuous jump in both the 4-velocity
and temperature profiles at t⇤ = 0 reflects the presence of a subshock.

4-velocity at the immediate upstream of the subshock, Gu,subbu,sub,
is approximately 0.84, 0.85, 1.08, 1.4, 2.25, and 4.35 for fesc ' 0,
0.41, 2.5, 5.9, 14, and 41 %, respectively. This results in a frac-
tion of the total kinetic energy being dissipated at the subshock,
which we evaluate as the reduction in kinetic energy flux of the
plasma across the subshock, normalized by the incoming kinetic
energy flux at the upstream boundary expressed as dFkin,sub/Fb =
[1+(n±/n)subme/mp](Gu,sub �Gd,sub)/(Gu �1), to increase as 4.8,
4.8, 8.8, 14, 25, and 48% for the corresponding values of fesc.8

Here, Gd,sub denotes the Lorentz factor immediately downstream of
the subshock, and (n±/n)sub indicates the pair-to-baryon number
density ratio at the subshock. The result implies that the role of ra-

8 For Gu = 2 (6), the reduction of kinetic energy across the subshock
dFkin,sub/Fb is roughly 15% (45%) for the simulation with the highest es-
cape fraction of fesc = 35% (46%).
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diation mediation in the shock weakens as fesc increases, and a sig-
nificant amount of energy is dissipated by the plasma interactions
at the subshock in finite shocks with high escape fractions. This is
in contrast with the sub-relativistic shocks, where subshocks do not
appear even at a high escape fraction ( fesc ⇠ 70% for b  0.25;
ILN20b).

In all cases, the post-subshock velocity is close to that of the
far downstream, implying that most of the shock deceleration is ac-
complished at this point. Following the subshock, the velocity ex-
hibits a slight and gradual decline, ultimately reaching a far down-
stream value that is lower for higher fesc, due to increased radiative
losses.

As mentioned above, the subshock also leads to a jump in the
temperature, due to the dissipation of plasma kinetic energy, mani-
festing as a discontinuous spike in Figures 1 - 3. Due to the propor-
tionality of the subshock strength with the escape fraction, simula-
tions with larger escape fractions exhibit a more pronounced tem-
perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
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baryon ratio (bottom) as functions of the pair-loaded Thomson optical depth
t⇤ =

R
G(n+n±)sT dz for the simulations with an upstream Lorentz factor

of Gu = 2. The profiles are represented by solid lines in green, orange, pur-
ple, blue, and red, each indicating the results from finite shocks with differ-
ent escape fractions as detailed in the legend. For comparative purposes, the
structure of an infinite shock is depicted with a black line. It is noted that for
infinite shocks, the upstream boundary extends beyond the left edge of the
figure, whereas the leftmost points of the finite shock profiles mark their re-
spective upstream boundaries. A discontinuous jump in both the 4-velocity
and temperature profiles at t⇤ = 0 reflects the presence of a subshock.

4-velocity at the immediate upstream of the subshock, Gu,subbu,sub,
is approximately 0.84, 0.85, 1.08, 1.4, 2.25, and 4.35 for fesc ' 0,
0.41, 2.5, 5.9, 14, and 41 %, respectively. This results in a frac-
tion of the total kinetic energy being dissipated at the subshock,
which we evaluate as the reduction in kinetic energy flux of the
plasma across the subshock, normalized by the incoming kinetic
energy flux at the upstream boundary expressed as dFkin,sub/Fb =
[1+(n±/n)subme/mp](Gu,sub �Gd,sub)/(Gu �1), to increase as 4.8,
4.8, 8.8, 14, 25, and 48% for the corresponding values of fesc.8

Here, Gd,sub denotes the Lorentz factor immediately downstream of
the subshock, and (n±/n)sub indicates the pair-to-baryon number
density ratio at the subshock. The result implies that the role of ra-

8 For Gu = 2 (6), the reduction of kinetic energy across the subshock
dFkin,sub/Fb is roughly 15% (45%) for the simulation with the highest es-
cape fraction of fesc = 35% (46%).
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diation mediation in the shock weakens as fesc increases, and a sig-
nificant amount of energy is dissipated by the plasma interactions
at the subshock in finite shocks with high escape fractions. This is
in contrast with the sub-relativistic shocks, where subshocks do not
appear even at a high escape fraction ( fesc ⇠ 70% for b  0.25;
ILN20b).

In all cases, the post-subshock velocity is close to that of the
far downstream, implying that most of the shock deceleration is ac-
complished at this point. Following the subshock, the velocity ex-
hibits a slight and gradual decline, ultimately reaching a far down-
stream value that is lower for higher fesc, due to increased radiative
losses.

As mentioned above, the subshock also leads to a jump in the
temperature, due to the dissipation of plasma kinetic energy, mani-
festing as a discontinuous spike in Figures 1 - 3. Due to the propor-
tionality of the subshock strength with the escape fraction, simula-
tions with larger escape fractions exhibit a more pronounced tem-
perature spike. While the temperature in most regions is predomi-
nantly determined by the Compton temperature, where the net heat-
ing and cooling of the pairs balance, this discontinuous jump causes
the temperature to deviate temporarily from equilibrium. However,
the plasma quickly cools via inverse Compton scattering and re-
joins the Compton equilibrium temperature within a pair-loaded
optical depth of a few. The equilibrium temperature subsequent to
this spike falls within the range of kT ⇠ 100-200 keV, irrespective
of the values of fesc or Gu. This regulation of temperature is at-
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
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tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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tributed to the vigorous pair production, which functions as a ther-
mostat, preventing the temperature from substantially exceeding
the pair production threshold, a characteristic property of RRMS
well-discussed in the literature (see Levinson & Nakar 2020, and
references therein). As a result, except for the initial rise at the up-
stream boundary and the spike at the subshock, the temperature
exhibits a similar profile among different escape fractions.

Regarding the pair density profile, current simulations confirm
the ability of RRMS to self-generate its opacity. As fesc increases,
rapid pair production initiating from the upstream boundary is en-
hanced. This acceleration in pair production enables the shock to
maintain its radiation-mediated nature, despite the pair-unloaded
optical depth t̃ (⌧ 1) decreasing by several orders of magnitude
with increasing fesc. Subsequent to this rapid increase, a similar
peak level of pair density is observed across various fesc values in
the immediate downstream region.

4 THE SPECTRUM OF ESCAPING RADIATION

In Figure 4, we display the resulting spectral energy distribution of
the photons escaping from the upstream boundary, presented in the
form of n fn normalized by the incoming energy flux Fb. Here, n
represents the frequency of the photon, and fn ⌘ dFesc

dn denotes the
energy flux per unit frequency. In all cases, the energy at the peak of
n fn spectra falls within the range of Ep ⇡ 300 to 600 keV, irrespec-
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Figure 4. Shock-frame, n fn flux of escaping photons normalized by the to-
tal kinetic energy flux of baryons at the upstream boundary, Fb = Gu(Gu �
1)numpc3bu. The top, middle and bottom panels display the results for
shock velocities Gu = 2, 6, and 10, respectively. Within each panel, vari-
ous lines represent different escape fractions, as specified in the legend.

tive of Gu and fesc. This stability reflects the downstream temper-
ature’s stabilization due to pair production (Ep ⇠ 3kT ). Each line
in the figure, corresponding to a specific value of fesc as indicated,
represents the instantaneous spectrum emitted during the gradual
shock breakout from a wind-like medium at the radius where the
optical depth to infinity ahead of the shock roughly equals the local
shock width (smaller fesc corresponds to earlier phase of the break-
out). It should be noted, however, that to model the actual breakout
signal, the entire spectra, including Ep, must be boosted to the up-
stream (observer’s) rest frame, resulting in the spectra being shifted
to higher energies by a factor of ⇠ Gu.
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Figure 5. Comparison of the Lorentz factor profile as a function of pair-
unloaded optical depth, t̃ = 2GunusT z, with the analytical model of GNL18
for Gu = 2 (top), 6 (middle) and 10 (bottom). For the shock with Gu = 2, the
analytical model reproduces the numerical results, with the optimal param-
eter pairs (a,h) for each escape fraction fesc are determined as follows:
at fesc = 0%, a = 0.55 and h = 0.4; at 0.55 %, a = 0.6 and h = 0.4; at
fesc = 1.5 %, a = 0.65 and h = 0.4; at fesc = 6 % a = 0.7 and h = 0.4; at
fesc = 13 % a = 0.8 and h = 0.4; at fesc = 35 % a = 1.95 and h = 0.35.
Although the best fit values of the free parameters vary among the differ-
ent escape fractions, a single pair, e.g., a = 0.5 and h = 0.3 exhibits a
good agreemement with the numerical results. On the other hand, for the
shock with Gu = 6, the optimal parameter pairs (a,h) for each escape frac-
tion fesc are determined as follows: at fesc = 0%, a = 2.4 and h = 0.6; at
fesc = 0.65%, a = 0.7 and h = 0.75; at fesc = 2.9%, a = 0.5 and h = 0.35;
and for 6.8%, 13%, and 46%, both parameters consistently reach the lower
bounds of the fitting range, a = 0.5 and h = 0.25, indicating the analyt-
ical model’s limitations in capturing the simulation results in these cases.
For the shock with Gu = 10, the optimal pairs are as follows: at fesc = 0%,
a = 1.75 and h = 0.6; at fesc = 0.41%, a = 0.5 and h = 0.8; fesc = 2.5%,
a = 0.5 and h = 0.35; and for 5.9%, 14%, and 41%, both parameters again
consistently reach the lower bounds, a = 0.5 and h = 0.25, highlighting
similar limitations of the analytical model in these cases.

an existence of a subshock where the Lorentz factor, Gu,sub, sig-
nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
tral shape of counterstreaming photons. As shown in Section 3,
the subshock produces a high-temperature spike in the immedi-
ate downstream region, where relativistically heated pairs scatter
photons to higher energies. While the post-subshock temperature
remains in the range kTd,sub . 0.5mec2 for Gu = 2 (at least up to
fesc  35%), it exceeds mec2 and continues to rise as the escape
fraction increases for Gu = 6 and 10. As a result of this high tem-
perature, a high-energy photon component (hn ⇠ mec2) emerges in
addition to the bulk of photons with energy ⇠ mec2, as described
in Section 4. The high-energy extension observed in the escaping
photon spectrum above the spectral peak Ep ⇠ mec2 (Figure 4) cor-
responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
these high-energy photons are efficiently absorbed via g-g atten-
uation before reaching the upstream boundary. This absorption of
high-energy counterstreaming photons is responsible for the devia-
tion of the numerical results from the analytical model, which can
be explained as follows.

The key point is that the absorption of counterstreaming high-
energy photons primarily occurs via collisions with the bulk popu-
lation of lower-energy photons that are likewise counterstreaming
upstream from the immediate downstream region, rather than with
photons advecting with the flow (i.e., backscattered photons). This
occurs because the high-energy photons possess sufficient energy
to exceed the pair production threshold necessary for interaction
with the bulk of the counterstreaming photon population. As a re-
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Figure 5. Comparison of the Lorentz factor profile as a function of pair-
unloaded optical depth, t̃ = 2GunusT z, with the analytical model of GNL18
for Gu = 2 (top), 6 (middle) and 10 (bottom). For the shock with Gu = 2, the
analytical model reproduces the numerical results, with the optimal param-
eter pairs (a,h) for each escape fraction fesc are determined as follows:
at fesc = 0%, a = 0.55 and h = 0.4; at 0.55 %, a = 0.6 and h = 0.4; at
fesc = 1.5 %, a = 0.65 and h = 0.4; at fesc = 6 % a = 0.7 and h = 0.4; at
fesc = 13 % a = 0.8 and h = 0.4; at fesc = 35 % a = 1.95 and h = 0.35.
Although the best fit values of the free parameters vary among the differ-
ent escape fractions, a single pair, e.g., a = 0.5 and h = 0.3 exhibits a
good agreemement with the numerical results. On the other hand, for the
shock with Gu = 6, the optimal parameter pairs (a,h) for each escape frac-
tion fesc are determined as follows: at fesc = 0%, a = 2.4 and h = 0.6; at
fesc = 0.65%, a = 0.7 and h = 0.75; at fesc = 2.9%, a = 0.5 and h = 0.35;
and for 6.8%, 13%, and 46%, both parameters consistently reach the lower
bounds of the fitting range, a = 0.5 and h = 0.25, indicating the analyt-
ical model’s limitations in capturing the simulation results in these cases.
For the shock with Gu = 10, the optimal pairs are as follows: at fesc = 0%,
a = 1.75 and h = 0.6; at fesc = 0.41%, a = 0.5 and h = 0.8; fesc = 2.5%,
a = 0.5 and h = 0.35; and for 5.9%, 14%, and 41%, both parameters again
consistently reach the lower bounds, a = 0.5 and h = 0.25, highlighting
similar limitations of the analytical model in these cases.

an existence of a subshock where the Lorentz factor, Gu,sub, sig-
nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
tral shape of counterstreaming photons. As shown in Section 3,
the subshock produces a high-temperature spike in the immedi-
ate downstream region, where relativistically heated pairs scatter
photons to higher energies. While the post-subshock temperature
remains in the range kTd,sub . 0.5mec2 for Gu = 2 (at least up to
fesc  35%), it exceeds mec2 and continues to rise as the escape
fraction increases for Gu = 6 and 10. As a result of this high tem-
perature, a high-energy photon component (hn ⇠ mec2) emerges in
addition to the bulk of photons with energy ⇠ mec2, as described
in Section 4. The high-energy extension observed in the escaping
photon spectrum above the spectral peak Ep ⇠ mec2 (Figure 4) cor-
responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
these high-energy photons are efficiently absorbed via g-g atten-
uation before reaching the upstream boundary. This absorption of
high-energy counterstreaming photons is responsible for the devia-
tion of the numerical results from the analytical model, which can
be explained as follows.

The key point is that the absorption of counterstreaming high-
energy photons primarily occurs via collisions with the bulk popu-
lation of lower-energy photons that are likewise counterstreaming
upstream from the immediate downstream region, rather than with
photons advecting with the flow (i.e., backscattered photons). This
occurs because the high-energy photons possess sufficient energy
to exceed the pair production threshold necessary for interaction
with the bulk of the counterstreaming photon population. As a re-
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Figure 5. Comparison of the Lorentz factor profile as a function of pair-
unloaded optical depth, t̃ = 2GunusT z, with the analytical model of GNL18
for Gu = 2 (top), 6 (middle) and 10 (bottom). For the shock with Gu = 2, the
analytical model reproduces the numerical results, with the optimal param-
eter pairs (a,h) for each escape fraction fesc are determined as follows:
at fesc = 0%, a = 0.55 and h = 0.4; at 0.55 %, a = 0.6 and h = 0.4; at
fesc = 1.5 %, a = 0.65 and h = 0.4; at fesc = 6 % a = 0.7 and h = 0.4; at
fesc = 13 % a = 0.8 and h = 0.4; at fesc = 35 % a = 1.95 and h = 0.35.
Although the best fit values of the free parameters vary among the differ-
ent escape fractions, a single pair, e.g., a = 0.5 and h = 0.3 exhibits a
good agreemement with the numerical results. On the other hand, for the
shock with Gu = 6, the optimal parameter pairs (a,h) for each escape frac-
tion fesc are determined as follows: at fesc = 0%, a = 2.4 and h = 0.6; at
fesc = 0.65%, a = 0.7 and h = 0.75; at fesc = 2.9%, a = 0.5 and h = 0.35;
and for 6.8%, 13%, and 46%, both parameters consistently reach the lower
bounds of the fitting range, a = 0.5 and h = 0.25, indicating the analyt-
ical model’s limitations in capturing the simulation results in these cases.
For the shock with Gu = 10, the optimal pairs are as follows: at fesc = 0%,
a = 1.75 and h = 0.6; at fesc = 0.41%, a = 0.5 and h = 0.8; fesc = 2.5%,
a = 0.5 and h = 0.35; and for 5.9%, 14%, and 41%, both parameters again
consistently reach the lower bounds, a = 0.5 and h = 0.25, highlighting
similar limitations of the analytical model in these cases.

an existence of a subshock where the Lorentz factor, Gu,sub, sig-
nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
tral shape of counterstreaming photons. As shown in Section 3,
the subshock produces a high-temperature spike in the immedi-
ate downstream region, where relativistically heated pairs scatter
photons to higher energies. While the post-subshock temperature
remains in the range kTd,sub . 0.5mec2 for Gu = 2 (at least up to
fesc  35%), it exceeds mec2 and continues to rise as the escape
fraction increases for Gu = 6 and 10. As a result of this high tem-
perature, a high-energy photon component (hn ⇠ mec2) emerges in
addition to the bulk of photons with energy ⇠ mec2, as described
in Section 4. The high-energy extension observed in the escaping
photon spectrum above the spectral peak Ep ⇠ mec2 (Figure 4) cor-
responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
these high-energy photons are efficiently absorbed via g-g atten-
uation before reaching the upstream boundary. This absorption of
high-energy counterstreaming photons is responsible for the devia-
tion of the numerical results from the analytical model, which can
be explained as follows.

The key point is that the absorption of counterstreaming high-
energy photons primarily occurs via collisions with the bulk popu-
lation of lower-energy photons that are likewise counterstreaming
upstream from the immediate downstream region, rather than with
photons advecting with the flow (i.e., backscattered photons). This
occurs because the high-energy photons possess sufficient energy
to exceed the pair production threshold necessary for interaction
with the bulk of the counterstreaming photon population. As a re-
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Figure 5. Comparison of the Lorentz factor profile as a function of pair-
unloaded optical depth, t̃ = 2GunusT z, with the analytical model of GNL18
for Gu = 2 (top), 6 (middle) and 10 (bottom). For the shock with Gu = 2, the
analytical model reproduces the numerical results, with the optimal param-
eter pairs (a,h) for each escape fraction fesc are determined as follows:
at fesc = 0%, a = 0.55 and h = 0.4; at 0.55 %, a = 0.6 and h = 0.4; at
fesc = 1.5 %, a = 0.65 and h = 0.4; at fesc = 6 % a = 0.7 and h = 0.4; at
fesc = 13 % a = 0.8 and h = 0.4; at fesc = 35 % a = 1.95 and h = 0.35.
Although the best fit values of the free parameters vary among the differ-
ent escape fractions, a single pair, e.g., a = 0.5 and h = 0.3 exhibits a
good agreemement with the numerical results. On the other hand, for the
shock with Gu = 6, the optimal parameter pairs (a,h) for each escape frac-
tion fesc are determined as follows: at fesc = 0%, a = 2.4 and h = 0.6; at
fesc = 0.65%, a = 0.7 and h = 0.75; at fesc = 2.9%, a = 0.5 and h = 0.35;
and for 6.8%, 13%, and 46%, both parameters consistently reach the lower
bounds of the fitting range, a = 0.5 and h = 0.25, indicating the analyt-
ical model’s limitations in capturing the simulation results in these cases.
For the shock with Gu = 10, the optimal pairs are as follows: at fesc = 0%,
a = 1.75 and h = 0.6; at fesc = 0.41%, a = 0.5 and h = 0.8; fesc = 2.5%,
a = 0.5 and h = 0.35; and for 5.9%, 14%, and 41%, both parameters again
consistently reach the lower bounds, a = 0.5 and h = 0.25, highlighting
similar limitations of the analytical model in these cases.

an existence of a subshock where the Lorentz factor, Gu,sub, sig-
nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
tral shape of counterstreaming photons. As shown in Section 3,
the subshock produces a high-temperature spike in the immedi-
ate downstream region, where relativistically heated pairs scatter
photons to higher energies. While the post-subshock temperature
remains in the range kTd,sub . 0.5mec2 for Gu = 2 (at least up to
fesc  35%), it exceeds mec2 and continues to rise as the escape
fraction increases for Gu = 6 and 10. As a result of this high tem-
perature, a high-energy photon component (hn ⇠ mec2) emerges in
addition to the bulk of photons with energy ⇠ mec2, as described
in Section 4. The high-energy extension observed in the escaping
photon spectrum above the spectral peak Ep ⇠ mec2 (Figure 4) cor-
responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
these high-energy photons are efficiently absorbed via g-g atten-
uation before reaching the upstream boundary. This absorption of
high-energy counterstreaming photons is responsible for the devia-
tion of the numerical results from the analytical model, which can
be explained as follows.

The key point is that the absorption of counterstreaming high-
energy photons primarily occurs via collisions with the bulk popu-
lation of lower-energy photons that are likewise counterstreaming
upstream from the immediate downstream region, rather than with
photons advecting with the flow (i.e., backscattered photons). This
occurs because the high-energy photons possess sufficient energy
to exceed the pair production threshold necessary for interaction
with the bulk of the counterstreaming photon population. As a re-
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good agreemement with the numerical results. On the other hand, for the
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an existence of a subshock where the Lorentz factor, Gu,sub, sig-
nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
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the subshock produces a high-temperature spike in the immedi-
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photons to higher energies. While the post-subshock temperature
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fraction increases for Gu = 6 and 10. As a result of this high tem-
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addition to the bulk of photons with energy ⇠ mec2, as described
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responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
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uation before reaching the upstream boundary. This absorption of
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tion of the numerical results from the analytical model, which can
be explained as follows.
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ent escape fractions, a single pair, e.g., a = 0.5 and h = 0.3 exhibits a
good agreemement with the numerical results. On the other hand, for the
shock with Gu = 6, the optimal parameter pairs (a,h) for each escape frac-
tion fesc are determined as follows: at fesc = 0%, a = 2.4 and h = 0.6; at
fesc = 0.65%, a = 0.7 and h = 0.75; at fesc = 2.9%, a = 0.5 and h = 0.35;
and for 6.8%, 13%, and 46%, both parameters consistently reach the lower
bounds of the fitting range, a = 0.5 and h = 0.25, indicating the analyt-
ical model’s limitations in capturing the simulation results in these cases.
For the shock with Gu = 10, the optimal pairs are as follows: at fesc = 0%,
a = 1.75 and h = 0.6; at fesc = 0.41%, a = 0.5 and h = 0.8; fesc = 2.5%,
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consistently reach the lower bounds, a = 0.5 and h = 0.25, highlighting
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nificantly deviates from 1. Therefore, in each fitting procedure,
we identify a position of t in the analytical solution that matches
G = Gu,sub. Starting from this position, we conducted a comparison
of the Lorentz factor profiles up to the upstream boundary with the
numerical results. Specifically, we adjusted the position of t = 0
in the analytical solution from the initial position where G ⇡ 1 to a
new position where G = Gu,sub, effectively shifting it to align with
the subshock location in the numerical solution.

5.1 Comparison of Shock Profiles

In the case of infinite shocks, we find that, within a reasonable
range of h and a, the analytical model reproduces the numerical
results quite well in all cases (Gu = 2, 6, and 10). This agreement
was previously reported in ILN20a for Gu = 6 and 10 (as well as
for Gu = 20, which is not included in the present paper), confirm-
ing the model’s validity for highly relativistic shocks. Here, we ex-
tend this finding to mildly relativistic shocks, showing that even
for Gu = 2, the analytical model exhibits good agreement with the
numerical results, demonstrating its applicability to lower-velocity
shocks than previously expected. A more comprehensive compar-
ison between the analytical model and the numerical results for
infinite shocks is presented in Appendix C. For mildly relativis-
tic shocks (Gu = 2), we also find a good match in the case of finite
shocks, regardless of the value of fesc. On the other hand, for higher
Lorentz factor shocks (Gu = 6 and 10), while good agreement per-
sists when the escape fraction is small ( fesc . 1%), a significant
discrepancy emerges as fesc increases. This discrepancy cannot be
reconciled within a reasonable range of the parameters h and a.

The result is counterintuitive, as one would naively expect
highly relativistic shocks to match better with the analytical model,
given that it is constructed under the assumption of G � 1. This
discrepancy can be understood as a consequence of the role of the
subshock in highly relativistic shocks, which influences the spec-
tral shape of counterstreaming photons. As shown in Section 3,
the subshock produces a high-temperature spike in the immedi-
ate downstream region, where relativistically heated pairs scatter
photons to higher energies. While the post-subshock temperature
remains in the range kTd,sub . 0.5mec2 for Gu = 2 (at least up to
fesc  35%), it exceeds mec2 and continues to rise as the escape
fraction increases for Gu = 6 and 10. As a result of this high tem-
perature, a high-energy photon component (hn ⇠ mec2) emerges in
addition to the bulk of photons with energy ⇠ mec2, as described
in Section 4. The high-energy extension observed in the escaping
photon spectrum above the spectral peak Ep ⇠ mec2 (Figure 4) cor-
responds to the fraction of these high-energy photons that counter-
stream up to the upstream boundary. As mentioned in Section 4,
these high-energy photons are efficiently absorbed via g-g atten-
uation before reaching the upstream boundary. This absorption of
high-energy counterstreaming photons is responsible for the devia-
tion of the numerical results from the analytical model, which can
be explained as follows.

The key point is that the absorption of counterstreaming high-
energy photons primarily occurs via collisions with the bulk popu-
lation of lower-energy photons that are likewise counterstreaming
upstream from the immediate downstream region, rather than with
photons advecting with the flow (i.e., backscattered photons). This
occurs because the high-energy photons possess sufficient energy
to exceed the pair production threshold necessary for interaction
with the bulk of the counterstreaming photon population. As a re-
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consequence of the Klein-Nishina suppression of the cross section,
which becomes more significant for faster shocks. Indeed, for in-
finite shocks, a clear trend of increasing shock width with Lorentz
factor, Dt̃ µ G3

u, is found both in simulations (ILN20a) and in the
analytical study (GNL18). While this scaling breaks down in the
mildly relativistic regime, the simulations (ILN20a) still indicate a
positive correlation between Dt̃ and Gu, at least down to Gu = 2.
In contrast, although the analytical model also predicts a positive
dependence of shock width on Lorentz factor for finite shocks—
specifically, Dt̃ µ Gu when fesc � G�2

u —our current simulations of
finite shocks ( fesc > 0) exhibit the opposite trend: the shock width
decreases with increasing Gu.11 For example, at fesc ' 0.4, the
shock width is found to be approximately Dt̃ ⇠ 7⇥10�3, 1⇥10�3,
and 3 ⇥ 10�4 for Gu = 2, 6, and 10, respectively, indicating an in-
verse correlation with the Lorentz factor. Thus, an important impli-
cation of our simulation results is that higher Lorentz factor shocks
propagating in a wind-like environment tend to break out at larger
radii (i.e., at smaller optical depths), contrary to previous expec-
tation by GNL18 which finds opposite trend. We will revisit this
point in more detail in Section 6.2. This discrepancy can again
be understood as a consequence of the breakdown of the analyt-
ical model discussed above. Since higher Lorentz factors lead to
the emergence of more prominent subshock-generated high-energy
photons, deceleration via g �g attenuation between counterstream-
ing photons becomes more efficient, resulting in faster deceleration.

6 IMPLICATIONS FOR THE PROPERTIES OF
RELATIVISTIC SHOCK BREAKOUT FROM A
STELLAR WIND

The discrepancy between our simulation results and the analyti-
cal model of GNL18 has important implications for shock break-
out predictions based on that model. As noted earlier, the ana-
lytical model predicts the shock width to scale approximately as
Dt̃ ⇠ (me/mp)Gu f �1

esc . On the other hand, our simulations show that
for high-Lorentz-factor shocks (Gu & 6), the optical depth Dt̃ sig-
nificantly deviates from this scaling. By fitting the Dt̃ fesc relation in
our simulations with an analytical function of the form Dt̃ µ Ga

u f b
esc,

we obtain the best-fit scaling:

Dt̃ ⇡ 1.0⇥10�2G�2
u f �1.6

esc , (6 . Gu . 10). (2)

As described earlier, this scaling indicates a narrower shock width
for a given Gu and fesc than predicted by the analytical model, at
least in the relativistic regime.

Assuming that this revised scaling remains valid up to fesc ⇡
1, the optical depth at which breakout occurs can be estimated as

tbo ⇡ 1.0⇥10�2G�2
bo (6 . Gbo . 10). (3)

where Gbo is the Lorentz factor at breakout. This is in stark con-
trast with the analytical prediction of tbo,GNL18 ⇡ (me/mp)Gbo,
suggesting that our numerical results predict a much smaller break-
out optical depth. The ratio between the two can be expressed as
tbo/tbo,GNL18 = 1.8 ⇥ 10�2G�3

bo,1, where Gbo,1 = Gbo/10, indicat-
ing that breakout occurs at a much larger radius in our model than

11 Since the analytical model reproduces the numerical results quite well at
Gu = 2, a positive dependence of shock width on Lorentz factor (Dt̃ µ Gu)
may still be valid in this mildly relativistic regime. However, the transition
point at which the scaling changes from positive to inverse remains unclear,
owing to the absence of simulations in the intermediate range between Gu =
2 and 6.

in the analytical estimate for the same Gbo. In the following sections
(§6.1 and §6.2), we revisit the breakout emission analysis originally
presented in GNL18, adopting the revised shock width scaling up
to fesc ⇡ 1 for relativistic shocks (Gu & 6), and highlight how the
resulting observables differ from those predicted by the analytical
model.

6.1 Closure relation

As discussed in previous works, three observables: the breakout
duration, tbo, the observed temperature, Tbo, and the total emitted
energy, Ebo, are expected to satisfy a closure relation, as they are
determined by two physical quantities: the breakout Lorentz factor,
Gbo, and the breakout radius, rbo. Since the emitted spectrum peaks
around Ep ⇠ mec2 in the shock frame, the observed temperature is
estimated as

kTobs =
Gbomec2

3
⇡ 1.7Gbo,1 MeV. (4)

The breakout duration is given by

tbo =
rbo

2G2
boc

⇡ 1.7rbo,13G�2
bo,1 s, (5)

where rbo,13 = rbo/1013 cm.
While the expressions for Tobs and tbo as functions of Gbo and

rbo given in the above equations remain unchanged from the previ-
ous study, the expression for the breakout energy is modified due to
the updated breakout optical depth, tbo. The breakout energy can be
estimated from the swept-up wind mass, Mbo, as Ebo ⇡ G2

boMboc2.
Assuming a wind-like density profile, r µ r�2, the swept-up mass
is given by Mbo = 4ptbor2

bo/k , where k is the opacity. Hence,
the breakout energy is estimated as Ebo ⇡ 4pr2

boG3
boc2me/(mpk)

in GNL18. In contrast, adopting the revised breakout optical depth
from Equation (3), we obtain the breakout energy as

Ebo =
4pG2

botbor2
boc2

k
⇡ 5.7⇥1046r2

bo,13k�1
0.2 erg, (6)

where k0.2 = k/(0.2 cm2g�1). Notably, unlike the earlier predic-
tion Ebo µ G3

bo, our result shows no explicit Gbo dependence, re-
flecting the revised scaling tbo µ G�2

bo .
From Equations (4), (5), and (6) we derive a modified closure

relation:

Ebo ⇡ 5.7⇥1046k�1
0.2

⇣ tbo
1.7s

⌘2 ✓
kTobs

1.7MeV

◆4
erg. (7)

This differs from the previous prediction of Ebo µ T 7
obs, reduc-

ing the temperature dependence to Ebo µ T 4
obs. However, an im-

portant caveat of this rough closure relation given above is that it
has only been validated within a narrow range of Lorentz factors,
6 . Gbo . 10, as our simulations are limited to Gu = 6 and 10.
Extending the analysis to a broader range of Gu is necessary to de-
termine whether this scaling remains valid beyond this regime. On
the other hand, for mildly relativistic shocks with Lorentz factors
close to Gbo ⇠ 2, the agreement between the analytical model and
numerical results at Gu ⇠ 2 suggests that the original closure re-
lation recover its validity in a limited range, 2 . Gbo < 6. Again,
further analysis is required to precisely determine the range of va-
lidity, which is beyond the scope of this study.
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further analysis is required to precisely determine the range of va-
lidity, which is beyond the scope of this study.
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out. Since these three observables depend on two breakout param-
eters, they should satisfy a closure relation:

Ebo ≈ 1048κ−1
0.2

(
tbo

1 s

)2 (
Tobs,bo

2 MeV

)7

erg. (18)

Note the strong dependence on the observed temperature. Since the
expected spectrum is not a blackbody, this quantity is not accurately
defined. This freedom allows for a wide range of breakout observ-
ables to be largely consistent with the closure relation. However,
it does give some constraint on whether a given observation may
be a result of an RRMS breakout. Note also that the above rela-
tions assume spherical symmetry. However, since the breakout is
relativistic, it is enough if it is quasi-spherically symmetric over an
opening angle that is larger than 1/"bo, as long as the observer line
of sight falls within this opening angle.

5.2 An RRMS breakout from a stellar wind

5.2.1 Spherical explosion

We consider a spherically symmetric explosion of a star in which
the shock accelerates to relativistic velocities at the edge of the
envelope, upon transitioning into a wind with an optical depth large
enough to sustain it in a state of RRMS. As we will show, this
scenario is expected in sufficiently energetic explosions of WR
stars. We will also show (in the next subsection) that the following
results may also be applicable, with some adjustments, to aspherical
explosions.

The physical setting that we consider is as follows. The explosion
energy (kinetic energy at infinity) is E, the progenitor radius is R∗
and the ejecta mass is Mej. We approximate the density at the stellar
edge as ρ∗(r) ∝ (R∗ − r)3, where r is the radius, as expected for
a WR star. The wind profile is ρw = Ar−2, where A is a constant.
To find the observed signature of a breakout from a wind in such
settings, we find first the Lorentz factor of the shock as it propagates
through the wind, as function of the wind density and radius, and
then apply equation (13) to find the emission that escapes to the
observer.

Under the conditions considered here, the shock that was driven
by the explosion at the centre of the progenitor accelerates as it
encounters the sharp density gradient near the stellar edge. For
the density profile we use, once the shock becomes relativistic the
acceleration follows the solution of (Johnson & McKee 1971, see
also Tan et al. 2001 and Pan & Sari 2006). After shock crossing, a
rarefaction wave crosses the shocked stellar material, accelerating
it farther. The final profile of the expanding stellar material after its
accelleration ends satisfies E∗(γ ) ∝ m∗(γ )γ ∝ γ −1.1, where E∗(γ )
is the energy carried by stellar material with Lorentz factor >γ and
m∗ is the corresponding mass (Tan et al. 2001; Barniol Duran et al.
2015). It is convenient to find the normalization of E∗(γ ) using the
Lorentz factor of m∗ that have an optical depth τ = 1 before the
explosion, namely, m∗,1 = 4πR2

∗/κ . Nakar & Sari (2012) find that2

γ∗,1 ≈ 50E1.7
53 M−1.2

ej,5 R−0.95
∗,11 , (19)

where E = 1053E53 erg, Mej = 5Mej, 5 M% and R∗ = 1011R∗, 11 cm.
After the shock crosses the star, it emerges into the wind and starts

decelerating. In the process, in addition to the forward shock driven

2 The notation here is different than in Nakar & Sari (2012). They use the
symbols m0 for the mass that have an optical depth τ = 1 before the explosion
and γ f, 0 for its final Lorentz factor after shock crossing and expansion.

into the wind there is also a reverse shock driven into the expanding
stellar material. The energy flux through the reverse shock supports
the forward shock an mitigates its deceleration. A rough estimate of
the forward shock Lorentz factor as it propagates into the wind can
be obtained from equating the energy that crossed the reverse shock
with the energy given to the shocked wind,3 m∗("sh)"sh ≈ mw"2

sh,
where mw = 4πARsh is the wind mass swept by the shock when its
radius is Rsh. The relation E∗ ∝ γ −1.1 yields m∗("sh)"2.1

sh = m∗,1γ
2.1
∗,1

from which we obtain "sh = γ 0.68
∗,1 (m∗,1/mw)0.32. In order to relate

the shock Lorentz factor to the fraction of the shock energy that
escapes to the observer, f, we use equation (13), which dictates that
once escape starts τ̃w(Rsh) = κA/Rsh = µ"sh/f . This implies

"sh(f ) = γ∗,1

40
τ−0.95

w,∗ f −0.48 ≈ 1.2E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ f −0.48

(20)

and

Rsh(f ) ≈ 1.7 × 1014E−1.7
53 M1.2

ej,5R
1.95
∗,11τ

1.95
w,∗ f 1.48 cm, (21)

where τw, ∗ = κA/R∗ is the total optical depth of the wind from
the stellar surface to infinity, which is often of the order of unity in
WR stars. As the shock propagates, f increases while "sh decreases.
The breakout takes place either when f approaches unity or when
the shock becomes Newtonian and its temperature drops to ∼50–
100 keV, so pair production is not efficient enough and the shock
cannot generate its own optical depth anymore.

If "sh(f = 1) > 1, then the breakout is relativistic ("bo > 1) and
its properties are obtained by setting f = 1 and plugging equations
(20) and (21) into equations (15)–(17). The duration of the breakout
emission is then

tbo ≈ 2000E−5.1
53 M3.6

ej,5R
3.85
∗,11τ

3.86
w,∗ s("bo > 1), (22)

its temperature at t ∼ tbo is

Tobs,bo ≈ 250E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ keV("bo > 1), (23)

and the total emitted energy is

Ebo = 1048E1.7
53 M−1.2

ej,5 R1.05
∗,11τ

1.05
w,∗ κ−1

0.2 erg("bo > 1). (24)

The rise time of the breakout emission is much shorter than tbo, and
from the evolution of emission with f (equations 15–17 and 20–21),
we find that during the pulse the luminosity decreases as

Lbo ∝ t−0.36("bo > 1), (25)

and the temperature drops slowly

Tobs ∝ t−0.2("bo > 1). (26)

If "sh( f = 1) < 1, then the breakout takes place when the shock
becomes mildly relativistic or Newtonian. The exact velocity at
which the breakout takes place depends on whether pairs can be
created also in fast sub-relativistic shocks (see the discussion at the
end of Section 4). Below we provide the observables assuming that
pair production stops once "shβsh ≈ 1, although we stress that this
assumption, and the conditions under which it is valid, should be
explored by a detailed study. Assuming that the breakout takes place
once "shβsh ≈ 1, the breakout radius is

Rbo ≈ Rsh("sh ≈ 1)

≈ 3 × 1014E3.57
53 M−2.52

ej,5 R−1
∗,11τ

−1
w,∗ cm("bo ≈ 1), (27)

3 Note that the shocked wind material has an internal energy of ∼"mpc2

per baryon and a bulk Lorentz factor ∼"sh, hence the energy in the shocked
wind is ∝ mw"2

sh.
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consequence of the Klein-Nishina suppression of the cross section,
which becomes more significant for faster shocks. Indeed, for in-
finite shocks, a clear trend of increasing shock width with Lorentz
factor, Dt̃ µ G3

u, is found both in simulations (ILN20a) and in the
analytical study (GNL18). While this scaling breaks down in the
mildly relativistic regime, the simulations (ILN20a) still indicate a
positive correlation between Dt̃ and Gu, at least down to Gu = 2.
In contrast, although the analytical model also predicts a positive
dependence of shock width on Lorentz factor for finite shocks—
specifically, Dt̃ µ Gu when fesc � G�2

u —our current simulations of
finite shocks ( fesc > 0) exhibit the opposite trend: the shock width
decreases with increasing Gu.11 For example, at fesc ' 0.4, the
shock width is found to be approximately Dt̃ ⇠ 7⇥10�3, 1⇥10�3,
and 3 ⇥ 10�4 for Gu = 2, 6, and 10, respectively, indicating an in-
verse correlation with the Lorentz factor. Thus, an important impli-
cation of our simulation results is that higher Lorentz factor shocks
propagating in a wind-like environment tend to break out at larger
radii (i.e., at smaller optical depths), contrary to previous expec-
tation by GNL18 which finds opposite trend. We will revisit this
point in more detail in Section 6.2. This discrepancy can again
be understood as a consequence of the breakdown of the analyt-
ical model discussed above. Since higher Lorentz factors lead to
the emergence of more prominent subshock-generated high-energy
photons, deceleration via g �g attenuation between counterstream-
ing photons becomes more efficient, resulting in faster deceleration.

6 IMPLICATIONS FOR THE PROPERTIES OF
RELATIVISTIC SHOCK BREAKOUT FROM A
STELLAR WIND

The discrepancy between our simulation results and the analyti-
cal model of GNL18 has important implications for shock break-
out predictions based on that model. As noted earlier, the ana-
lytical model predicts the shock width to scale approximately as
Dt̃ ⇠ (me/mp)Gu f �1

esc . On the other hand, our simulations show that
for high-Lorentz-factor shocks (Gu & 6), the optical depth Dt̃ sig-
nificantly deviates from this scaling. By fitting the Dt̃ fesc relation in
our simulations with an analytical function of the form Dt̃ µ Ga

u f b
esc,

we obtain the best-fit scaling:

Dt̃ ⇡ 1.0⇥10�2G�2
u f �1.6

esc , (6 . Gu . 10). (2)

As described earlier, this scaling indicates a narrower shock width
for a given Gu and fesc than predicted by the analytical model, at
least in the relativistic regime.

Assuming that this revised scaling remains valid up to fesc ⇡
1, the optical depth at which breakout occurs can be estimated as

tbo ⇡ 1.0⇥10�2G�2
bo (6 . Gbo . 10). (3)

where Gbo is the Lorentz factor at breakout. This is in stark con-
trast with the analytical prediction of tbo,GNL18 ⇡ (me/mp)Gbo,
suggesting that our numerical results predict a much smaller break-
out optical depth. The ratio between the two can be expressed as
tbo/tbo,GNL18 = 1.8 ⇥ 10�2G�3

bo,1, where Gbo,1 = Gbo/10, indicat-
ing that breakout occurs at a much larger radius in our model than

11 Since the analytical model reproduces the numerical results quite well at
Gu = 2, a positive dependence of shock width on Lorentz factor (Dt̃ µ Gu)
may still be valid in this mildly relativistic regime. However, the transition
point at which the scaling changes from positive to inverse remains unclear,
owing to the absence of simulations in the intermediate range between Gu =
2 and 6.

in the analytical estimate for the same Gbo. In the following sections
(§6.1 and §6.2), we revisit the breakout emission analysis originally
presented in GNL18, adopting the revised shock width scaling up
to fesc ⇡ 1 for relativistic shocks (Gu & 6), and highlight how the
resulting observables differ from those predicted by the analytical
model.

6.1 Closure relation

As discussed in previous works, three observables: the breakout
duration, tbo, the observed temperature, Tbo, and the total emitted
energy, Ebo, are expected to satisfy a closure relation, as they are
determined by two physical quantities: the breakout Lorentz factor,
Gbo, and the breakout radius, rbo. Since the emitted spectrum peaks
around Ep ⇠ mec2 in the shock frame, the observed temperature is
estimated as

kTobs =
Gbomec2

3
⇡ 1.7Gbo,1 MeV. (4)

The breakout duration is given by

tbo =
rbo

2G2
boc

⇡ 1.7rbo,13G�2
bo,1 s, (5)

where rbo,13 = rbo/1013 cm.
While the expressions for Tobs and tbo as functions of Gbo and

rbo given in the above equations remain unchanged from the previ-
ous study, the expression for the breakout energy is modified due to
the updated breakout optical depth, tbo. The breakout energy can be
estimated from the swept-up wind mass, Mbo, as Ebo ⇡ G2

boMboc2.
Assuming a wind-like density profile, r µ r�2, the swept-up mass
is given by Mbo = 4ptbor2

bo/k , where k is the opacity. Hence,
the breakout energy is estimated as Ebo ⇡ 4pr2

boG3
boc2me/(mpk)

in GNL18. In contrast, adopting the revised breakout optical depth
from Equation (3), we obtain the breakout energy as

Ebo =
4pG2

botbor2
boc2

k
⇡ 5.7⇥1046r2

bo,13k�1
0.2 erg, (6)

where k0.2 = k/(0.2 cm2g�1). Notably, unlike the earlier predic-
tion Ebo µ G3

bo, our result shows no explicit Gbo dependence, re-
flecting the revised scaling tbo µ G�2

bo .
From Equations (4), (5), and (6) we derive a modified closure

relation:

Ebo ⇡ 5.7⇥1046k�1
0.2

⇣ tbo
1.7s

⌘2 ✓
kTobs

1.7MeV

◆4
erg. (7)

This differs from the previous prediction of Ebo µ T 7
obs, reduc-

ing the temperature dependence to Ebo µ T 4
obs. However, an im-

portant caveat of this rough closure relation given above is that it
has only been validated within a narrow range of Lorentz factors,
6 . Gbo . 10, as our simulations are limited to Gu = 6 and 10.
Extending the analysis to a broader range of Gu is necessary to de-
termine whether this scaling remains valid beyond this regime. On
the other hand, for mildly relativistic shocks with Lorentz factors
close to Gbo ⇠ 2, the agreement between the analytical model and
numerical results at Gu ⇠ 2 suggests that the original closure re-
lation recover its validity in a limited range, 2 . Gbo < 6. Again,
further analysis is required to precisely determine the range of va-
lidity, which is beyond the scope of this study.
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out. Since these three observables depend on two breakout param-
eters, they should satisfy a closure relation:

Ebo ≈ 1048κ−1
0.2

(
tbo

1 s

)2 (
Tobs,bo

2 MeV

)7

erg. (18)

Note the strong dependence on the observed temperature. Since the
expected spectrum is not a blackbody, this quantity is not accurately
defined. This freedom allows for a wide range of breakout observ-
ables to be largely consistent with the closure relation. However,
it does give some constraint on whether a given observation may
be a result of an RRMS breakout. Note also that the above rela-
tions assume spherical symmetry. However, since the breakout is
relativistic, it is enough if it is quasi-spherically symmetric over an
opening angle that is larger than 1/"bo, as long as the observer line
of sight falls within this opening angle.

5.2 An RRMS breakout from a stellar wind

5.2.1 Spherical explosion

We consider a spherically symmetric explosion of a star in which
the shock accelerates to relativistic velocities at the edge of the
envelope, upon transitioning into a wind with an optical depth large
enough to sustain it in a state of RRMS. As we will show, this
scenario is expected in sufficiently energetic explosions of WR
stars. We will also show (in the next subsection) that the following
results may also be applicable, with some adjustments, to aspherical
explosions.

The physical setting that we consider is as follows. The explosion
energy (kinetic energy at infinity) is E, the progenitor radius is R∗
and the ejecta mass is Mej. We approximate the density at the stellar
edge as ρ∗(r) ∝ (R∗ − r)3, where r is the radius, as expected for
a WR star. The wind profile is ρw = Ar−2, where A is a constant.
To find the observed signature of a breakout from a wind in such
settings, we find first the Lorentz factor of the shock as it propagates
through the wind, as function of the wind density and radius, and
then apply equation (13) to find the emission that escapes to the
observer.

Under the conditions considered here, the shock that was driven
by the explosion at the centre of the progenitor accelerates as it
encounters the sharp density gradient near the stellar edge. For
the density profile we use, once the shock becomes relativistic the
acceleration follows the solution of (Johnson & McKee 1971, see
also Tan et al. 2001 and Pan & Sari 2006). After shock crossing, a
rarefaction wave crosses the shocked stellar material, accelerating
it farther. The final profile of the expanding stellar material after its
accelleration ends satisfies E∗(γ ) ∝ m∗(γ )γ ∝ γ −1.1, where E∗(γ )
is the energy carried by stellar material with Lorentz factor >γ and
m∗ is the corresponding mass (Tan et al. 2001; Barniol Duran et al.
2015). It is convenient to find the normalization of E∗(γ ) using the
Lorentz factor of m∗ that have an optical depth τ = 1 before the
explosion, namely, m∗,1 = 4πR2

∗/κ . Nakar & Sari (2012) find that2

γ∗,1 ≈ 50E1.7
53 M−1.2

ej,5 R−0.95
∗,11 , (19)

where E = 1053E53 erg, Mej = 5Mej, 5 M& and R∗ = 1011R∗, 11 cm.
After the shock crosses the star, it emerges into the wind and starts

decelerating. In the process, in addition to the forward shock driven

2 The notation here is different than in Nakar & Sari (2012). They use the
symbols m0 for the mass that have an optical depth τ = 1 before the explosion
and γ f, 0 for its final Lorentz factor after shock crossing and expansion.

into the wind there is also a reverse shock driven into the expanding
stellar material. The energy flux through the reverse shock supports
the forward shock an mitigates its deceleration. A rough estimate of
the forward shock Lorentz factor as it propagates into the wind can
be obtained from equating the energy that crossed the reverse shock
with the energy given to the shocked wind,3 m∗("sh)"sh ≈ mw"2

sh,
where mw = 4πARsh is the wind mass swept by the shock when its
radius is Rsh. The relation E∗ ∝ γ −1.1 yields m∗("sh)"2.1

sh = m∗,1γ
2.1
∗,1

from which we obtain "sh = γ 0.68
∗,1 (m∗,1/mw)0.32. In order to relate

the shock Lorentz factor to the fraction of the shock energy that
escapes to the observer, f, we use equation (13), which dictates that
once escape starts τ̃w(Rsh) = κA/Rsh = µ"sh/f . This implies

"sh(f ) = γ∗,1

40
τ−0.95

w,∗ f −0.48 ≈ 1.2E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ f −0.48

(20)

and

Rsh(f ) ≈ 1.7 × 1014E−1.7
53 M1.2

ej,5R
1.95
∗,11τ

1.95
w,∗ f 1.48 cm, (21)

where τw, ∗ = κA/R∗ is the total optical depth of the wind from
the stellar surface to infinity, which is often of the order of unity in
WR stars. As the shock propagates, f increases while "sh decreases.
The breakout takes place either when f approaches unity or when
the shock becomes Newtonian and its temperature drops to ∼50–
100 keV, so pair production is not efficient enough and the shock
cannot generate its own optical depth anymore.

If "sh(f = 1) > 1, then the breakout is relativistic ("bo > 1) and
its properties are obtained by setting f = 1 and plugging equations
(20) and (21) into equations (15)–(17). The duration of the breakout
emission is then

tbo ≈ 2000E−5.1
53 M3.6

ej,5R
3.85
∗,11τ

3.86
w,∗ s("bo > 1), (22)

its temperature at t ∼ tbo is

Tobs,bo ≈ 250E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ keV("bo > 1), (23)

and the total emitted energy is

Ebo = 1048E1.7
53 M−1.2

ej,5 R1.05
∗,11τ

1.05
w,∗ κ−1

0.2 erg("bo > 1). (24)

The rise time of the breakout emission is much shorter than tbo, and
from the evolution of emission with f (equations 15–17 and 20–21),
we find that during the pulse the luminosity decreases as

Lbo ∝ t−0.36("bo > 1), (25)

and the temperature drops slowly

Tobs ∝ t−0.2("bo > 1). (26)

If "sh( f = 1) < 1, then the breakout takes place when the shock
becomes mildly relativistic or Newtonian. The exact velocity at
which the breakout takes place depends on whether pairs can be
created also in fast sub-relativistic shocks (see the discussion at the
end of Section 4). Below we provide the observables assuming that
pair production stops once "shβsh ≈ 1, although we stress that this
assumption, and the conditions under which it is valid, should be
explored by a detailed study. Assuming that the breakout takes place
once "shβsh ≈ 1, the breakout radius is

Rbo ≈ Rsh("sh ≈ 1)

≈ 3 × 1014E3.57
53 M−2.52

ej,5 R−1
∗,11τ

−1
w,∗ cm("bo ≈ 1), (27)

3 Note that the shocked wind material has an internal energy of ∼"mpc2

per baryon and a bulk Lorentz factor ∼"sh, hence the energy in the shocked
wind is ∝ mw"2

sh.
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out. Since these three observables depend on two breakout param-
eters, they should satisfy a closure relation:

Ebo ≈ 1048κ−1
0.2

(
tbo

1 s

)2 (
Tobs,bo

2 MeV

)7

erg. (18)

Note the strong dependence on the observed temperature. Since the
expected spectrum is not a blackbody, this quantity is not accurately
defined. This freedom allows for a wide range of breakout observ-
ables to be largely consistent with the closure relation. However,
it does give some constraint on whether a given observation may
be a result of an RRMS breakout. Note also that the above rela-
tions assume spherical symmetry. However, since the breakout is
relativistic, it is enough if it is quasi-spherically symmetric over an
opening angle that is larger than 1/#bo, as long as the observer line
of sight falls within this opening angle.

5.2 An RRMS breakout from a stellar wind

5.2.1 Spherical explosion

We consider a spherically symmetric explosion of a star in which
the shock accelerates to relativistic velocities at the edge of the
envelope, upon transitioning into a wind with an optical depth large
enough to sustain it in a state of RRMS. As we will show, this
scenario is expected in sufficiently energetic explosions of WR
stars. We will also show (in the next subsection) that the following
results may also be applicable, with some adjustments, to aspherical
explosions.

The physical setting that we consider is as follows. The explosion
energy (kinetic energy at infinity) is E, the progenitor radius is R∗
and the ejecta mass is Mej. We approximate the density at the stellar
edge as ρ∗(r) ∝ (R∗ − r)3, where r is the radius, as expected for
a WR star. The wind profile is ρw = Ar−2, where A is a constant.
To find the observed signature of a breakout from a wind in such
settings, we find first the Lorentz factor of the shock as it propagates
through the wind, as function of the wind density and radius, and
then apply equation (13) to find the emission that escapes to the
observer.

Under the conditions considered here, the shock that was driven
by the explosion at the centre of the progenitor accelerates as it
encounters the sharp density gradient near the stellar edge. For
the density profile we use, once the shock becomes relativistic the
acceleration follows the solution of (Johnson & McKee 1971, see
also Tan et al. 2001 and Pan & Sari 2006). After shock crossing, a
rarefaction wave crosses the shocked stellar material, accelerating
it farther. The final profile of the expanding stellar material after its
accelleration ends satisfies E∗(γ ) ∝ m∗(γ )γ ∝ γ −1.1, where E∗(γ )
is the energy carried by stellar material with Lorentz factor >γ and
m∗ is the corresponding mass (Tan et al. 2001; Barniol Duran et al.
2015). It is convenient to find the normalization of E∗(γ ) using the
Lorentz factor of m∗ that have an optical depth τ = 1 before the
explosion, namely, m∗,1 = 4πR2

∗/κ . Nakar & Sari (2012) find that2

γ∗,1 ≈ 50E1.7
53 M−1.2

ej,5 R−0.95
∗,11 , (19)

where E = 1053E53 erg, Mej = 5Mej, 5 M% and R∗ = 1011R∗, 11 cm.
After the shock crosses the star, it emerges into the wind and starts

decelerating. In the process, in addition to the forward shock driven

2 The notation here is different than in Nakar & Sari (2012). They use the
symbols m0 for the mass that have an optical depth τ = 1 before the explosion
and γ f, 0 for its final Lorentz factor after shock crossing and expansion.

into the wind there is also a reverse shock driven into the expanding
stellar material. The energy flux through the reverse shock supports
the forward shock an mitigates its deceleration. A rough estimate of
the forward shock Lorentz factor as it propagates into the wind can
be obtained from equating the energy that crossed the reverse shock
with the energy given to the shocked wind,3 m∗(#sh)#sh ≈ mw#2

sh,
where mw = 4πARsh is the wind mass swept by the shock when its
radius is Rsh. The relation E∗ ∝ γ −1.1 yields m∗(#sh)#2.1

sh = m∗,1γ
2.1
∗,1

from which we obtain #sh = γ 0.68
∗,1 (m∗,1/mw)0.32. In order to relate

the shock Lorentz factor to the fraction of the shock energy that
escapes to the observer, f, we use equation (13), which dictates that
once escape starts τ̃w(Rsh) = κA/Rsh = µ#sh/f . This implies

#sh(f ) = γ∗,1

40
τ−0.95

w,∗ f −0.48 ≈ 1.2E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ f −0.48

(20)

and

Rsh(f ) ≈ 1.7 × 1014E−1.7
53 M1.2

ej,5R
1.95
∗,11τ

1.95
w,∗ f 1.48 cm, (21)

where τw, ∗ = κA/R∗ is the total optical depth of the wind from
the stellar surface to infinity, which is often of the order of unity in
WR stars. As the shock propagates, f increases while #sh decreases.
The breakout takes place either when f approaches unity or when
the shock becomes Newtonian and its temperature drops to ∼50–
100 keV, so pair production is not efficient enough and the shock
cannot generate its own optical depth anymore.

If #sh(f = 1) > 1, then the breakout is relativistic (#bo > 1) and
its properties are obtained by setting f = 1 and plugging equations
(20) and (21) into equations (15)–(17). The duration of the breakout
emission is then

tbo ≈ 2000E−5.1
53 M3.6

ej,5R
3.85
∗,11τ

3.86
w,∗ s(#bo > 1), (22)

its temperature at t ∼ tbo is

Tobs,bo ≈ 250E1.7
53 M−1.2

ej,5 R−0.95
∗,11 τ−0.95

w,∗ keV(#bo > 1), (23)

and the total emitted energy is

Ebo = 1048E1.7
53 M−1.2

ej,5 R1.05
∗,11τ

1.05
w,∗ κ−1

0.2 erg(#bo > 1). (24)

The rise time of the breakout emission is much shorter than tbo, and
from the evolution of emission with f (equations 15–17 and 20–21),
we find that during the pulse the luminosity decreases as

Lbo ∝ t−0.36(#bo > 1), (25)

and the temperature drops slowly

Tobs ∝ t−0.2(#bo > 1). (26)

If #sh( f = 1) < 1, then the breakout takes place when the shock
becomes mildly relativistic or Newtonian. The exact velocity at
which the breakout takes place depends on whether pairs can be
created also in fast sub-relativistic shocks (see the discussion at the
end of Section 4). Below we provide the observables assuming that
pair production stops once #shβsh ≈ 1, although we stress that this
assumption, and the conditions under which it is valid, should be
explored by a detailed study. Assuming that the breakout takes place
once #shβsh ≈ 1, the breakout radius is

Rbo ≈ Rsh(#sh ≈ 1)

≈ 3 × 1014E3.57
53 M−2.52

ej,5 R−1
∗,11τ

−1
w,∗ cm(#bo ≈ 1), (27)

3 Note that the shocked wind material has an internal energy of ∼#mpc2

per baryon and a bulk Lorentz factor ∼#sh, hence the energy in the shocked
wind is ∝ mw#2

sh.
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6.2 Properties wind shock breakout based on a spherical
explosion model

Here, focusing on the relativistic breakout regime (Gbo & 6), we
derive the properties of a shock breakout from a stellar wind based
on a spherical explosion model,12 assuming that the shock-width
scaling relation given in Equation (2) holds for highly relativistic
shocks.

Following the prescription provided by GNL18, we consider
a shock breaking out of a star characterized by a density profile
of the form d µ (R' ⇡ r)n, where R' is the stellar radius and r
is the distance from the stellar center. We further assume that the
star is surrounded by an extended, wind-like medium with a den-
sity profile given by d µ r⇡2. For the case of n = 3, the ejecta,
after breaking out from the stellar surface and subsequently accel-
erating, exhibit a mass profile described by m(G) µ G⇡2.1, where
m(G) denotes the mass of the ejecta with Lorentz factors greater
than G (Johnson & McKee 1971; Pan & Sari 2006). Correspond-
ingly, the energy of ejecta with Lorentz factors greater than G can
be expressed as E(> G) ⇤ E0(G/G0)

⇡1.1, where G0 and E0 repre-
sent the Lorentz factor and the energy, respectively, of the break-
out layerdefined as the leading edge of the shocked stellar matter
that has a pair-unloaded optical depth of t r̃ � 1. Following Nakar
& Sari (2012), the Lorentz factor of this breakout layer is esti-
mated as: G0 ⇤ 45E1.7

53 M⇡1.2
e j,5 R⇡0.95

',11 , where Eex = 1053E53 erg is
the explosion energy, Me j = 5Me j,5M� is the stellar ejecta mass,
and R' = 1011R',11 cm is the stellar radius. The corresponding en-
ergy is given by: E0 = 4pR2

'G0c2k⇡1. Here, we assume a constant
opacity k for both the stellar and wind regions.

The stratified relativistic ejecta impinge upon the wind-like
circumstellar medium, producing a shock that decelerates as it
propagates outward. During propagation, energy is progressively
injected into the shocked wind material because inner, more en-
ergetic but slower ejecta components eventually catch up with the
decelerated forward shock region, thereby injecting additional en-
ergy into it. The Lorentz factor of the forward shock, Gsh, at a
given radius rsh can be roughly estimated by equating the energy
of the shocked wind material with the energy of the ejecta that
have caught up with the forward shock (G ⇥ Gsh): G2

shm(rsh) =

E0(Gsh/G0)
⇡1.1, where m(rsh)� 4prw'R'k⇡1rsh is the mass of the

wind material swept up by the shock, and rw' represents the optical
depth of the wind region from the stellar surface to infinity.

Next, we convert the shock radius to the optical depth to infin-
ity, rw, as: rsh � rw'R'/rw. By equating this to the optical depth of
the shock given in Equation (2), i.e., rw = Dr̃ , we obtain the shock
Lorentz factor and radius as functions of the escape fraction fesc:

Gsh ⇤ 1.9E0.7
53 M⇡0.49

e j,5 R⇡0.39
',11 r⇡0.39

w' f ⇡0.31
esc , (8)

rsh ⇤ 3.8�1013E1.4
53 M⇡0.99

e j,5 R0.22
',11r0.22

w' f 0.97
esc cm. (9)

Note that, since a small pair-unloaded optical depth (Dr̃ ⌧ 1) is
required to maintain the shock as radiation-mediated in highly rel-
ativistic shocks, an optical depth of rw' = 1 is sufficient for the
breakout to occur within the wind region.

From the above equations, a characteristic difference from the
breakout estimates of GNL18 can be readily identified. Namely, in

12 Although a higly relativistic shock breakout is unlikely to be realized in
a spherical explosion due to the large energies required, the spherical model
remains applicable as long as the flow properties remain uniform within an
angular scale of approximately 1/G.

the present model, explosion parameters (Eex and Mej) that lead
to a larger breakout Lorentz factor Gbo (i.e., Gsh at fesc ⇤ 1) also
result in a larger breakout radius rbo (i.e., rsh at fesc ⇤ 1). This
stands in stark contrast to the trend found in GNL18, where larger
Gbo—arising from higher explosion energy or lower ejecta mass—
corresponds instead to a smaller breakout radius rbo.

The observables of the full breakout emission ( fesc ⇤ 1) can be
estimated by substituting fesc = 1 into Equations (8) and (9). The
total emitted energy ⇤ Esh at fesc ⇤ 1) and the observed duration
(⇤ rbo/2G2

boc) are given by:

Ebo ⇤ 8.1�1047k⇡1
0.2 E2.8

53 M⇡2
ej,5R0.44

',11r0.43
w' erg, (10)

tbo ⇤ 1.7�102R',11rw' s. (11)

As in Equation (4), the observed temperature is estimated by as-
suming a comoving temperature of mec2/3. The resulting observed
temperature (⇤ Gbomec2/3) is:

kTobs ⇤ 330E0.7
53 M⇡0.49

e j,5 R⇡0.39
',11 r⇡0.39

w' keV. (12)

A particularly notable result is that the breakout duration, tbo, is in-
dependent of the explosion parameters and instead depends solely
on the properties of the ambient medium—specifically, the stel-
lar radius R' and the wind optical depth rw'. This arises from
the fact that, as mentioned above, a larger breakout Lorentz fac-
tor Gbo also corresponds to a larger breakout radius rbo, with the
scaling relation rbo µ G2

bo holding for fixed values of R' and rw'.
This stands in contrast to the prediction by GNL18, in which the
breakout duration exhibits strong sensitivity to explosion parame-
ters: tbo ⇤ 1.6�103E⇡5.1

53 M3.6
ej,5R3.85

',11r3.86
w' s.

To clearly demonstrate the difference between the previous an-
alytical model and our current results at Gbo & 6, let us consider a
case where E53 = 5, with all other parameters fixed to their fiducial
values (R',11 = Me j,5 = rw' = 1). In this case, our model yields
Gbo ⇤ 6 (kTobs ⇤ 1 MeV), Ebo ⇤ 7 � 1049erg, and tbo ⇤ 170s. In
contrast, the analytical model predicts Gbo ⇤ 19 (kTobs ⇤ 3.3 MeV),
Ebo ⇤ 2 � 1049erg, and tbo ⇤ 0.42s. These results indicate that for
an explosion energetic enough to drive a highly relativistic shock
in an extended wind region, the breakout duration is significantly
longer in our model compared to previous estimates, while the total
emitted energy and observed temperature remain of the same order.

We note that realizing a relativistic breakout by reducing Mej,
instead of increasing Eex, yields the same outcome: while our
model predicts a stable breakout duration, the analytical model
suggests a much shorter one. It is also worth noting that the
longer breakout duration predicted by the current study is favorable
for observational prospects, enhancing detectability and enabling
time-resolved spectral analysis. However, our simulations currently
cover only a limited portion of the parameter space, specifically
Gu = 6 and 10, and a finite range of fesc. To rigorously assess the
robustness of the breakout estimates and validate the broader ap-
plicability of the scaling relation presented in Equation (2), a more
systematic exploration across a wider range of Gu and fesc is nec-
essary.

During the breakout (tobs . tbo), the bolometric luminosity is
expected to decline gradually with time:

Lbol ⇤ fescEsh
tobs

µ t⇡0.16
obs , (13)

with temperature also exhibiting a gradual decline with time:

Tobs ⇤ Gshmec2

3
µ t⇡0.2

obs . (14)
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6.2 Properties wind shock breakout based on a spherical
explosion model

Here, focusing on the relativistic breakout regime (Gbo & 6), we
derive the properties of a shock breakout from a stellar wind based
on a spherical explosion model,12 assuming that the shock-width
scaling relation given in Equation (2) holds for highly relativistic
shocks.

Following the prescription provided by GNL18, we consider
a shock breaking out of a star characterized by a density profile
of the form r µ (R⇤ � r)n, where R⇤ is the stellar radius and r
is the distance from the stellar center. We further assume that the
star is surrounded by an extended, wind-like medium with a den-
sity profile given by r µ r�2. For the case of n = 3, the ejecta,
after breaking out from the stellar surface and subsequently accel-
erating, exhibit a mass profile described by m(G) µ G�2.1, where
m(G) denotes the mass of the ejecta with Lorentz factors greater
than G (Johnson & McKee 1971; Pan & Sari 2006). Correspond-
ingly, the energy of ejecta with Lorentz factors greater than G can
be expressed as E(> G) ⇡ E0(G/G0)

�1.1, where G0 and E0 repre-
sent the Lorentz factor and the energy, respectively, of the break-
out layerdefined as the leading edge of the shocked stellar matter
that has a pair-unloaded optical depth of d t̃ ' 1. Following Nakar
& Sari (2012), the Lorentz factor of this breakout layer is esti-
mated as: G0 ⇡ 45E1.7

53 M�1.2
e j,5 R�0.95

⇤,11 , where Eex = 1053E53 erg is
the explosion energy, Me j = 5Me j,5M� is the stellar ejecta mass,
and R⇤ = 1011R⇤,11 cm is the stellar radius. The corresponding en-
ergy is given by: E0 = 4pR2

⇤G0c2k�1. Here, we assume a constant
opacity k for both the stellar and wind regions.

The stratified relativistic ejecta impinge upon the wind-like
circumstellar medium, producing a shock that decelerates as it
propagates outward. During propagation, energy is progressively
injected into the shocked wind material because inner, more en-
ergetic but slower ejecta components eventually catch up with the
decelerated forward shock region, thereby injecting additional en-
ergy into it. The Lorentz factor of the forward shock, Gsh, at a
given radius rsh can be roughly estimated by equating the energy
of the shocked wind material with the energy of the ejecta that
have caught up with the forward shock (G � Gsh): G2

shm(rsh) =

E0(Gsh/G0)
�1.1, where m(rsh)' 4ptw⇤R⇤k�1rsh is the mass of the

wind material swept up by the shock, and tw⇤ represents the optical
depth of the wind region from the stellar surface to infinity.

Next, we convert the shock radius to the optical depth to infin-
ity, tw, as: rsh ' tw⇤R⇤/tw. By equating this to the optical depth of
the shock given in Equation (2), i.e., tw = Dt̃ , we obtain the shock
Lorentz factor and radius as functions of the escape fraction fesc:

Gsh ⇡ 1.9E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ f �0.31
esc , (8)

rsh ⇡ 3.8⇥1013E1.4
53 M�0.99

e j,5 R0.22
⇤,11t0.22

w⇤ f 0.97
esc cm. (9)

Note that, since a small pair-unloaded optical depth (Dt̃ ⌧ 1) is
required to maintain the shock as radiation-mediated in highly rel-
ativistic shocks, an optical depth of tw⇤ = 1 is sufficient for the
breakout to occur within the wind region.

From the above equations, a characteristic difference from the
breakout estimates of GNL18 can be readily identified. Namely, in

12 Although a higly relativistic shock breakout is unlikely to be realized in
a spherical explosion due to the large energies required, the spherical model
remains applicable as long as the flow properties remain uniform within an
angular scale of approximately 1/G.

the present model, explosion parameters (Eex and Mej) that lead
to a larger breakout Lorentz factor Gbo (i.e., Gsh at fesc ⇡ 1) also
result in a larger breakout radius rbo (i.e., rsh at fesc ⇡ 1). This
stands in stark contrast to the trend found in GNL18, where larger
Gbo—arising from higher explosion energy or lower ejecta mass—
corresponds instead to a smaller breakout radius rbo.

The observables of the full breakout emission ( fesc ⇡ 1) can be
estimated by substituting fesc = 1 into Equations (8) and (9). The
total emitted energy ⇡ Esh at fesc ⇡ 1) and the observed duration
(⇡ rbo/2G2

boc) are given by:

Ebo ⇡ 8.1⇥1047k�1
0.2 E2.8

53 M�2
ej,5R0.44

⇤,11t0.43
w⇤ erg, (10)

tbo ⇡ 1.7⇥102R⇤,11tw⇤ s. (11)

As in Equation (4), the observed temperature is estimated by as-
suming a comoving temperature of mec2/3. The resulting observed
temperature (⇡ Gbomec2/3) is:

kTobs ⇡ 330E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ keV. (12)

A particularly notable result is that the breakout duration, tbo, is in-
dependent of the explosion parameters and instead depends solely
on the properties of the ambient medium—specifically, the stel-
lar radius R⇤ and the wind optical depth tw⇤. This arises from
the fact that, as mentioned above, a larger breakout Lorentz fac-
tor Gbo also corresponds to a larger breakout radius rbo, with the
scaling relation rbo µ G2

bo holding for fixed values of R⇤ and tw⇤.
This stands in contrast to the prediction by GNL18, in which the
breakout duration exhibits strong sensitivity to explosion parame-
ters: tbo ⇡ 1.6⇥103E�5.1

53 M3.6
ej,5R3.85

⇤,11t3.86
w⇤ s.

To clearly demonstrate the difference between the previous an-
alytical model and our current results at Gbo & 6, let us consider a
case where E53 = 5, with all other parameters fixed to their fiducial
values (R⇤,11 = Me j,5 = tw⇤ = 1). In this case, our model yields
Gbo ⇡ 6 (kTobs ⇡ 1 MeV), Ebo ⇡ 7 ⇥ 1049erg, and tbo ⇡ 170s. In
contrast, the analytical model predicts Gbo ⇡ 19 (kTobs ⇡ 3.3 MeV),
Ebo ⇡ 2 ⇥ 1049erg, and tbo ⇡ 0.42s. These results indicate that for
an explosion energetic enough to drive a highly relativistic shock
in an extended wind region, the breakout duration is significantly
longer in our model compared to previous estimates, while the total
emitted energy and observed temperature remain of the same order.

We note that realizing a relativistic breakout by reducing Mej,
instead of increasing Eex, yields the same outcome: while our
model predicts a stable breakout duration, the analytical model
suggests a much shorter one. It is also worth noting that the
longer breakout duration predicted by the current study is favorable
for observational prospects, enhancing detectability and enabling
time-resolved spectral analysis. However, our simulations currently
cover only a limited portion of the parameter space, specifically
Gu = 6 and 10, and a finite range of fesc. To rigorously assess the
robustness of the breakout estimates and validate the broader ap-
plicability of the scaling relation presented in Equation (2), a more
systematic exploration across a wider range of Gu and fesc is nec-
essary.

During the breakout (tobs . tbo), the bolometric luminosity is
expected to decline gradually with time:

Lbol ⇡ fescEsh
tobs

µ t�0.16
obs , (13)

with temperature also exhibiting a gradual decline with time:

Tobs ⇡ Gshmec2

3
µ t�0.2

obs . (14)
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Here, focusing on the relativistic breakout regime (Gbo & 6), we
derive the properties of a shock breakout from a stellar wind based
on a spherical explosion model,12 assuming that the shock-width
scaling relation given in Equation (2) holds for highly relativistic
shocks.

Following the prescription provided by GNL18, we consider
a shock breaking out of a star characterized by a density profile
of the form r µ (R⇤ � r)n, where R⇤ is the stellar radius and r
is the distance from the stellar center. We further assume that the
star is surrounded by an extended, wind-like medium with a den-
sity profile given by r µ r�2. For the case of n = 3, the ejecta,
after breaking out from the stellar surface and subsequently accel-
erating, exhibit a mass profile described by m(G) µ G�2.1, where
m(G) denotes the mass of the ejecta with Lorentz factors greater
than G (Johnson & McKee 1971; Pan & Sari 2006). Correspond-
ingly, the energy of ejecta with Lorentz factors greater than G can
be expressed as E(> G) ⇡ E0(G/G0)

�1.1, where G0 and E0 repre-
sent the Lorentz factor and the energy, respectively, of the break-
out layerdefined as the leading edge of the shocked stellar matter
that has a pair-unloaded optical depth of d t̃ ' 1. Following Nakar
& Sari (2012), the Lorentz factor of this breakout layer is esti-
mated as: G0 ⇡ 45E1.7

53 M�1.2
e j,5 R�0.95

⇤,11 , where Eex = 1053E53 erg is
the explosion energy, Me j = 5Me j,5M� is the stellar ejecta mass,
and R⇤ = 1011R⇤,11 cm is the stellar radius. The corresponding en-
ergy is given by: E0 = 4pR2

⇤G0c2k�1. Here, we assume a constant
opacity k for both the stellar and wind regions.

The stratified relativistic ejecta impinge upon the wind-like
circumstellar medium, producing a shock that decelerates as it
propagates outward. During propagation, energy is progressively
injected into the shocked wind material because inner, more en-
ergetic but slower ejecta components eventually catch up with the
decelerated forward shock region, thereby injecting additional en-
ergy into it. The Lorentz factor of the forward shock, Gsh, at a
given radius rsh can be roughly estimated by equating the energy
of the shocked wind material with the energy of the ejecta that
have caught up with the forward shock (G � Gsh): G2

shm(rsh) =

E0(Gsh/G0)
�1.1, where m(rsh)' 4ptw⇤R⇤k�1rsh is the mass of the

wind material swept up by the shock, and tw⇤ represents the optical
depth of the wind region from the stellar surface to infinity.

Next, we convert the shock radius to the optical depth to infin-
ity, tw, as: rsh ' tw⇤R⇤/tw. By equating this to the optical depth of
the shock given in Equation (2), i.e., tw = Dt̃ , we obtain the shock
Lorentz factor and radius as functions of the escape fraction fesc:

Gsh ⇡ 1.9E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ f �0.31
esc , (8)

rsh ⇡ 3.8⇥1013E1.4
53 M�0.99

e j,5 R0.22
⇤,11t0.22

w⇤ f 0.97
esc cm. (9)

Note that, since a small pair-unloaded optical depth (Dt̃ ⌧ 1) is
required to maintain the shock as radiation-mediated in highly rel-
ativistic shocks, an optical depth of tw⇤ = 1 is sufficient for the
breakout to occur within the wind region.

From the above equations, a characteristic difference from the
breakout estimates of GNL18 can be readily identified. Namely, in

12 Although a higly relativistic shock breakout is unlikely to be realized in
a spherical explosion due to the large energies required, the spherical model
remains applicable as long as the flow properties remain uniform within an
angular scale of approximately 1/G.

the present model, explosion parameters (Eex and Mej) that lead
to a larger breakout Lorentz factor Gbo (i.e., Gsh at fesc ⇡ 1) also
result in a larger breakout radius rbo (i.e., rsh at fesc ⇡ 1). This
stands in stark contrast to the trend found in GNL18, where larger
Gbo—arising from higher explosion energy or lower ejecta mass—
corresponds instead to a smaller breakout radius rbo.

The observables of the full breakout emission ( fesc ⇡ 1) can be
estimated by substituting fesc = 1 into Equations (8) and (9). The
total emitted energy ⇡ Esh at fesc ⇡ 1) and the observed duration
(⇡ rbo/2G2

boc) are given by:

Ebo ⇡ 8.1⇥1047k�1
0.2 E2.8

53 M�2
ej,5R0.44

⇤,11t0.43
w⇤ erg, (10)

tbo ⇡ 1.7⇥102R⇤,11tw⇤ s. (11)

As in Equation (4), the observed temperature is estimated by as-
suming a comoving temperature of mec2/3. The resulting observed
temperature (⇡ Gbomec2/3) is:

kTobs ⇡ 330E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ keV. (12)

A particularly notable result is that the breakout duration, tbo, is in-
dependent of the explosion parameters and instead depends solely
on the properties of the ambient medium—specifically, the stel-
lar radius R⇤ and the wind optical depth tw⇤. This arises from
the fact that, as mentioned above, a larger breakout Lorentz fac-
tor Gbo also corresponds to a larger breakout radius rbo, with the
scaling relation rbo µ G2

bo holding for fixed values of R⇤ and tw⇤.
This stands in contrast to the prediction by GNL18, in which the
breakout duration exhibits strong sensitivity to explosion parame-
ters: tbo ⇡ 1.6⇥103E�5.1

53 M3.6
ej,5R3.85

⇤,11t3.86
w⇤ s.

To clearly demonstrate the difference between the previous an-
alytical model and our current results at Gbo & 6, let us consider a
case where E53 = 5, with all other parameters fixed to their fiducial
values (R⇤,11 = Me j,5 = tw⇤ = 1). In this case, our model yields
Gbo ⇡ 6 (kTobs ⇡ 1 MeV), Ebo ⇡ 7 ⇥ 1049erg, and tbo ⇡ 170s. In
contrast, the analytical model predicts Gbo ⇡ 19 (kTobs ⇡ 3.3 MeV),
Ebo ⇡ 2 ⇥ 1049erg, and tbo ⇡ 0.42s. These results indicate that for
an explosion energetic enough to drive a highly relativistic shock
in an extended wind region, the breakout duration is significantly
longer in our model compared to previous estimates, while the total
emitted energy and observed temperature remain of the same order.

We note that realizing a relativistic breakout by reducing Mej,
instead of increasing Eex, yields the same outcome: while our
model predicts a stable breakout duration, the analytical model
suggests a much shorter one. It is also worth noting that the
longer breakout duration predicted by the current study is favorable
for observational prospects, enhancing detectability and enabling
time-resolved spectral analysis. However, our simulations currently
cover only a limited portion of the parameter space, specifically
Gu = 6 and 10, and a finite range of fesc. To rigorously assess the
robustness of the breakout estimates and validate the broader ap-
plicability of the scaling relation presented in Equation (2), a more
systematic exploration across a wider range of Gu and fesc is nec-
essary.

During the breakout (tobs . tbo), the bolometric luminosity is
expected to decline gradually with time:

Lbol ⇡ fescEsh
tobs

µ t�0.16
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with temperature also exhibiting a gradual decline with time:
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6.2 Properties wind shock breakout based on a spherical
explosion model

Here, focusing on the relativistic breakout regime (Gbo & 6), we
derive the properties of a shock breakout from a stellar wind based
on a spherical explosion model,12 assuming that the shock-width
scaling relation given in Equation (2) holds for highly relativistic
shocks.

Following the prescription provided by GNL18, we consider
a shock breaking out of a star characterized by a density profile
of the form r µ (R⇤ � r)n, where R⇤ is the stellar radius and r
is the distance from the stellar center. We further assume that the
star is surrounded by an extended, wind-like medium with a den-
sity profile given by r µ r�2. For the case of n = 3, the ejecta,
after breaking out from the stellar surface and subsequently accel-
erating, exhibit a mass profile described by m(G) µ G�2.1, where
m(G) denotes the mass of the ejecta with Lorentz factors greater
than G (Johnson & McKee 1971; Pan & Sari 2006). Correspond-
ingly, the energy of ejecta with Lorentz factors greater than G can
be expressed as E(> G) ⇡ E0(G/G0)

�1.1, where G0 and E0 repre-
sent the Lorentz factor and the energy, respectively, of the break-
out layerdefined as the leading edge of the shocked stellar matter
that has a pair-unloaded optical depth of d t̃ ' 1. Following Nakar
& Sari (2012), the Lorentz factor of this breakout layer is esti-
mated as: G0 ⇡ 45E1.7

53 M�1.2
e j,5 R�0.95

⇤,11 , where Eex = 1053E53 erg is
the explosion energy, Me j = 5Me j,5M� is the stellar ejecta mass,
and R⇤ = 1011R⇤,11 cm is the stellar radius. The corresponding en-
ergy is given by: E0 = 4pR2

⇤G0c2k�1. Here, we assume a constant
opacity k for both the stellar and wind regions.

The stratified relativistic ejecta impinge upon the wind-like
circumstellar medium, producing a shock that decelerates as it
propagates outward. During propagation, energy is progressively
injected into the shocked wind material because inner, more en-
ergetic but slower ejecta components eventually catch up with the
decelerated forward shock region, thereby injecting additional en-
ergy into it. The Lorentz factor of the forward shock, Gsh, at a
given radius rsh can be roughly estimated by equating the energy
of the shocked wind material with the energy of the ejecta that
have caught up with the forward shock (G � Gsh): G2

shm(rsh) =

E0(Gsh/G0)
�1.1, where m(rsh)' 4ptw⇤R⇤k�1rsh is the mass of the

wind material swept up by the shock, and tw⇤ represents the optical
depth of the wind region from the stellar surface to infinity.

Next, we convert the shock radius to the optical depth to infin-
ity, tw, as: rsh ' tw⇤R⇤/tw. By equating this to the optical depth of
the shock given in Equation (2), i.e., tw = Dt̃ , we obtain the shock
Lorentz factor and radius as functions of the escape fraction fesc:

Gsh ⇡ 1.9E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ f �0.31
esc , (8)

rsh ⇡ 3.8⇥1013E1.4
53 M�0.99

e j,5 R0.22
⇤,11t0.22

w⇤ f 0.97
esc cm. (9)

Note that, since a small pair-unloaded optical depth (Dt̃ ⌧ 1) is
required to maintain the shock as radiation-mediated in highly rel-
ativistic shocks, an optical depth of tw⇤ = 1 is sufficient for the
breakout to occur within the wind region.

From the above equations, a characteristic difference from the
breakout estimates of GNL18 can be readily identified. Namely, in

12 Although a higly relativistic shock breakout is unlikely to be realized in
a spherical explosion due to the large energies required, the spherical model
remains applicable as long as the flow properties remain uniform within an
angular scale of approximately 1/G.

the present model, explosion parameters (Eex and Mej) that lead
to a larger breakout Lorentz factor Gbo (i.e., Gsh at fesc ⇡ 1) also
result in a larger breakout radius rbo (i.e., rsh at fesc ⇡ 1). This
stands in stark contrast to the trend found in GNL18, where larger
Gbo—arising from higher explosion energy or lower ejecta mass—
corresponds instead to a smaller breakout radius rbo.

The observables of the full breakout emission ( fesc ⇡ 1) can be
estimated by substituting fesc = 1 into Equations (8) and (9). The
total emitted energy ⇡ Esh at fesc ⇡ 1) and the observed duration
(⇡ rbo/2G2

boc) are given by:

Ebo ⇡ 8.1⇥1047k�1
0.2 E2.8

53 M�2
ej,5R0.44

⇤,11t0.43
w⇤ erg, (10)

tbo ⇡ 1.7⇥102R⇤,11tw⇤ s. (11)

As in Equation (4), the observed temperature is estimated by as-
suming a comoving temperature of mec2/3. The resulting observed
temperature (⇡ Gbomec2/3) is:

kTobs ⇡ 330E0.7
53 M�0.49

e j,5 R�0.39
⇤,11 t�0.39

w⇤ keV. (12)

A particularly notable result is that the breakout duration, tbo, is in-
dependent of the explosion parameters and instead depends solely
on the properties of the ambient medium—specifically, the stel-
lar radius R⇤ and the wind optical depth tw⇤. This arises from
the fact that, as mentioned above, a larger breakout Lorentz fac-
tor Gbo also corresponds to a larger breakout radius rbo, with the
scaling relation rbo µ G2

bo holding for fixed values of R⇤ and tw⇤.
This stands in contrast to the prediction by GNL18, in which the
breakout duration exhibits strong sensitivity to explosion parame-
ters: tbo ⇡ 1.6⇥103E�5.1

53 M3.6
ej,5R3.85

⇤,11t3.86
w⇤ s.

To clearly demonstrate the difference between the previous an-
alytical model and our current results at Gbo & 6, let us consider a
case where E53 = 5, with all other parameters fixed to their fiducial
values (R⇤,11 = Me j,5 = tw⇤ = 1). In this case, our model yields
Gbo ⇡ 6 (kTobs ⇡ 1 MeV), Ebo ⇡ 7 ⇥ 1049erg, and tbo ⇡ 170s. In
contrast, the analytical model predicts Gbo ⇡ 19 (kTobs ⇡ 3.3 MeV),
Ebo ⇡ 2 ⇥ 1049erg, and tbo ⇡ 0.42s. These results indicate that for
an explosion energetic enough to drive a highly relativistic shock
in an extended wind region, the breakout duration is significantly
longer in our model compared to previous estimates, while the total
emitted energy and observed temperature remain of the same order.

We note that realizing a relativistic breakout by reducing Mej,
instead of increasing Eex, yields the same outcome: while our
model predicts a stable breakout duration, the analytical model
suggests a much shorter one. It is also worth noting that the
longer breakout duration predicted by the current study is favorable
for observational prospects, enhancing detectability and enabling
time-resolved spectral analysis. However, our simulations currently
cover only a limited portion of the parameter space, specifically
Gu = 6 and 10, and a finite range of fesc. To rigorously assess the
robustness of the breakout estimates and validate the broader ap-
plicability of the scaling relation presented in Equation (2), a more
systematic exploration across a wider range of Gu and fesc is nec-
essary.

During the breakout (tobs . tbo), the bolometric luminosity is
expected to decline gradually with time:

Lbol ⇡ fescEsh
tobs

µ t�0.16
obs , (13)

with temperature also exhibiting a gradual decline with time:

Tobs ⇡ Gshmec2

3
µ t�0.2

obs . (14)
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Comparison with GLN18 

lytical model predicts the shock width to scale approximately as
Dt̃ ⇠ (me/mp)Gu f �1

esc . On the other hand, our simulations show that
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we obtain the best-fit scaling:
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Summary

・Detail shock structure RRMS with photon escape in  is  computed 

・Shock width shrinks as Γ, fesc increases 
        
・Spectrum is far from thermal (Wien or Blackbody)  
　  Substantially softer than Wien or Blackbody below the peak fν ∝~ ν0 
　　 High energy extension due to subshock 

・Updates the previous predictions by GLN18 
      ~ 200 s breakout duration, insensitive to the explosion energy 
      Relativistic explosion within 100 Mpc, may be detectable by MeV detector  
      e.g., Fermi, Amego-X, COSI, e-ASTROGAM  
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Structure of RRMS (no escape: fesc = 0)  
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Figure 2. A comparison of the Lorentz factor profiles obtained by Budnik
et al. 2010 (thin red lines) and our analytic solution (thick blue lines), for
shocks with !u = 6, 10, 20, and 30. Here, τ ∗ is the (pairs loaded) Thomson
optical depth. The values of η and a are chosen in order to obtain the best fit
for each !u profile, and are all in the range η = 0.45–0.55 and a = 1.5–2.5.

Figure 3. Temperature profiles. Notations are the same as in Fig. 2.

cross-sections for Compton scattering and pair production of a pho-
ton heading towards the upstream are both in the KN regime, and
are approximately equal (to better than a factor of 2). Thus, we can
write dτ∗ = σT

σKN
dτ , where σ T is the Thomson cross-section and

σKN ≈ 3
8

· ln(2!(1 + aT̂ ))

!(1 + aT̂ )
σT. (8)

Here, we use the fact that the energy of counter-streaming photons
is ∼mec2 with respect to the shock frame, and that !(1 + aT̂ ) $ 1.
The factor ‘a′ accounts for the exact angular distributions of the
colliding streams, and is typically of the order of unity.

Figs 2–4 show a comparison of !, T̂ and xl profiles as a function
τ ∗/!u obtained using our analytic model and the numerical model
of (Budnik et al. 2010, their figs 6, 8 and 10). The free parameters
in this fit are η and a, which are expected to be of the order of
unity. We obtain good fits for η = 0.45 − 0.55 and a = 1.5 − 2.5.
The agreement is not exact but it is remarkable given the simplicity
of the analytic model. In particular, the agreement between the
Lorentz factor profiles and, hence, the shock width is very good. The
temperature and pair loading predicted by the analytic model also
show general agreement, although there is a significant deviation,

Figure 4. Profiles of the loading parameter. The profiles of Budnik et al.
(2010, their fig. 10), which are given in terms of positron loading are mul-
tiplied by 3, assuming a comparable number of positrons and backscattered
photons. Notations are the same as in Fig. 2.

especially in the far upstream where our model predicts that pair
loading and heating start closer to the shock and grow faster. This is
most likely due to our choice of constant values for η and a across the
entire shock, which corresponds to a constant angular distribution
and a constant energy of the counter-streaming photons. However, in
reality only, the most energetic photons survive in the far upstream
due to their smaller cross-section, and this should render η and a
dependent on optical depth. Budnik et al. (2010) present in their
section 6.2 an analytical model for the steady-state RRMS showing
similar results to our model. In particular:

(i) T̂ = η !xl

xl+2 is the temperature expression we present. Taking
the limit of pairs domination within the transition region (x $ 1)
provides T̂ → η!, which agrees with the T ∼ !mec2 presented
by Budnik et al. (2010). [Note that Budnik et al. (2010) write that
T ∼ 0.4mec2 at first but neglects the 0.4, our η, later.)

(ii) In equation (6) and (7), we show that xl = !u
4µη

e−τ and
e−τ = !−2. Putting this together, we find that x+ ≈ 1

2 xl = !u
4µη

!−2

as presented by Budnik et al. (2010).
(iii) Finally, we both find the same universal behaviour for the

Lorentz factor along the optical depth of the transition region.
We write down the result as function of τ̃

!3
u

which is τ∗
!3

u
× 1

xl+1
∝

τ∗
!3

u
!u = τ∗

!2
u

used by Budnik et al. (2010).

Finally, in order to determine the location at which photons start
escaping from a shock propagating in a medium having a finite
optical depth, we need to find the width of the shock in terms of the
pair unloaded Thomson optical depth, τ̃ :

dτ̃ = dτ∗

xl + 1
= σT

σKN(xl + 1)
dτ. (9)

Note that in a medium with a given density n, dτ̃ is translated
directly to a physical distance, dz = dτ̃/(nσT). Photon escape will
commence once the optical depth to infinity approaches the optical
depth of the shock transition layer. In this region, xl ∝ !−2, xl $
1, and T̂ ≈ !, therefore dτ̃ ∝ !4dτ . Since in the deceleration zone
! ∝ eτ/2, most of the shock width is contained near the transition
from the deceleration region to the upstream, where τ varies by
about one and ! drops from !u by about one e-folding. In this
region, x ≈ 1

16µ!uη
(see equation 5) and ! ≈ !u. Therefore, from
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for each !u profile, and are all in the range η = 0.45–0.55 and a = 1.5–2.5.
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cross-sections for Compton scattering and pair production of a pho-
ton heading towards the upstream are both in the KN regime, and
are approximately equal (to better than a factor of 2). Thus, we can
write dτ∗ = σT

σKN
dτ , where σ T is the Thomson cross-section and

σKN ≈ 3
8

· ln(2!(1 + aT̂ ))

!(1 + aT̂ )
σT. (8)

Here, we use the fact that the energy of counter-streaming photons
is ∼mec2 with respect to the shock frame, and that !(1 + aT̂ ) $ 1.
The factor ‘a′ accounts for the exact angular distributions of the
colliding streams, and is typically of the order of unity.

Figs 2–4 show a comparison of !, T̂ and xl profiles as a function
τ ∗/!u obtained using our analytic model and the numerical model
of (Budnik et al. 2010, their figs 6, 8 and 10). The free parameters
in this fit are η and a, which are expected to be of the order of
unity. We obtain good fits for η = 0.45 − 0.55 and a = 1.5 − 2.5.
The agreement is not exact but it is remarkable given the simplicity
of the analytic model. In particular, the agreement between the
Lorentz factor profiles and, hence, the shock width is very good. The
temperature and pair loading predicted by the analytic model also
show general agreement, although there is a significant deviation,

Figure 4. Profiles of the loading parameter. The profiles of Budnik et al.
(2010, their fig. 10), which are given in terms of positron loading are mul-
tiplied by 3, assuming a comparable number of positrons and backscattered
photons. Notations are the same as in Fig. 2.

especially in the far upstream where our model predicts that pair
loading and heating start closer to the shock and grow faster. This is
most likely due to our choice of constant values for η and a across the
entire shock, which corresponds to a constant angular distribution
and a constant energy of the counter-streaming photons. However, in
reality only, the most energetic photons survive in the far upstream
due to their smaller cross-section, and this should render η and a
dependent on optical depth. Budnik et al. (2010) present in their
section 6.2 an analytical model for the steady-state RRMS showing
similar results to our model. In particular:

(i) T̂ = η !xl

xl+2 is the temperature expression we present. Taking
the limit of pairs domination within the transition region (x $ 1)
provides T̂ → η!, which agrees with the T ∼ !mec2 presented
by Budnik et al. (2010). [Note that Budnik et al. (2010) write that
T ∼ 0.4mec2 at first but neglects the 0.4, our η, later.)

(ii) In equation (6) and (7), we show that xl = !u
4µη

e−τ and
e−τ = !−2. Putting this together, we find that x+ ≈ 1

2 xl = !u
4µη

!−2

as presented by Budnik et al. (2010).
(iii) Finally, we both find the same universal behaviour for the

Lorentz factor along the optical depth of the transition region.
We write down the result as function of τ̃

!3
u

which is τ∗
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× 1

xl+1
∝
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used by Budnik et al. (2010).

Finally, in order to determine the location at which photons start
escaping from a shock propagating in a medium having a finite
optical depth, we need to find the width of the shock in terms of the
pair unloaded Thomson optical depth, τ̃ :

dτ̃ = dτ∗

xl + 1
= σT

σKN(xl + 1)
dτ. (9)

Note that in a medium with a given density n, dτ̃ is translated
directly to a physical distance, dz = dτ̃/(nσT). Photon escape will
commence once the optical depth to infinity approaches the optical
depth of the shock transition layer. In this region, xl ∝ !−2, xl $
1, and T̂ ≈ !, therefore dτ̃ ∝ !4dτ . Since in the deceleration zone
! ∝ eτ/2, most of the shock width is contained near the transition
from the deceleration region to the upstream, where τ varies by
about one and ! drops from !u by about one e-folding. In this
region, x ≈ 1

16µ!uη
(see equation 5) and ! ≈ !u. Therefore, from
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Figure 3. Temperature profiles. Notations are the same as in Fig. 2.

cross-sections for Compton scattering and pair production of a pho-
ton heading towards the upstream are both in the KN regime, and
are approximately equal (to better than a factor of 2). Thus, we can
write dτ∗ = σT

σKN
dτ , where σ T is the Thomson cross-section and

σKN ≈ 3
8

· ln(2!(1 + aT̂ ))

!(1 + aT̂ )
σT. (8)

Here, we use the fact that the energy of counter-streaming photons
is ∼mec2 with respect to the shock frame, and that !(1 + aT̂ ) $ 1.
The factor ‘a′ accounts for the exact angular distributions of the
colliding streams, and is typically of the order of unity.

Figs 2–4 show a comparison of !, T̂ and xl profiles as a function
τ ∗/!u obtained using our analytic model and the numerical model
of (Budnik et al. 2010, their figs 6, 8 and 10). The free parameters
in this fit are η and a, which are expected to be of the order of
unity. We obtain good fits for η = 0.45 − 0.55 and a = 1.5 − 2.5.
The agreement is not exact but it is remarkable given the simplicity
of the analytic model. In particular, the agreement between the
Lorentz factor profiles and, hence, the shock width is very good. The
temperature and pair loading predicted by the analytic model also
show general agreement, although there is a significant deviation,
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(2010, their fig. 10), which are given in terms of positron loading are mul-
tiplied by 3, assuming a comparable number of positrons and backscattered
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especially in the far upstream where our model predicts that pair
loading and heating start closer to the shock and grow faster. This is
most likely due to our choice of constant values for η and a across the
entire shock, which corresponds to a constant angular distribution
and a constant energy of the counter-streaming photons. However, in
reality only, the most energetic photons survive in the far upstream
due to their smaller cross-section, and this should render η and a
dependent on optical depth. Budnik et al. (2010) present in their
section 6.2 an analytical model for the steady-state RRMS showing
similar results to our model. In particular:

(i) T̂ = η !xl

xl+2 is the temperature expression we present. Taking
the limit of pairs domination within the transition region (x $ 1)
provides T̂ → η!, which agrees with the T ∼ !mec2 presented
by Budnik et al. (2010). [Note that Budnik et al. (2010) write that
T ∼ 0.4mec2 at first but neglects the 0.4, our η, later.)

(ii) In equation (6) and (7), we show that xl = !u
4µη

e−τ and
e−τ = !−2. Putting this together, we find that x+ ≈ 1

2 xl = !u
4µη

!−2

as presented by Budnik et al. (2010).
(iii) Finally, we both find the same universal behaviour for the
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Finally, in order to determine the location at which photons start
escaping from a shock propagating in a medium having a finite
optical depth, we need to find the width of the shock in terms of the
pair unloaded Thomson optical depth, τ̃ :

dτ̃ = dτ∗

xl + 1
= σT

σKN(xl + 1)
dτ. (9)

Note that in a medium with a given density n, dτ̃ is translated
directly to a physical distance, dz = dτ̃/(nσT). Photon escape will
commence once the optical depth to infinity approaches the optical
depth of the shock transition layer. In this region, xl ∝ !−2, xl $
1, and T̂ ≈ !, therefore dτ̃ ∝ !4dτ . Since in the deceleration zone
! ∝ eτ/2, most of the shock width is contained near the transition
from the deceleration region to the upstream, where τ varies by
about one and ! drops from !u by about one e-folding. In this
region, x ≈ 1

16µ!uη
(see equation 5) and ! ≈ !u. Therefore, from
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Budnik + 2010の計算を再現する解析モデル

仮定

Budnik + 2010
GLN18 
解析モデル

上流下流

15

photons advected with the plasma, and (ii) counterstreaming pho-
tons as two colliding beams. Hereafter, we refer to (i) as the pri-
mary beam. Collisions occurring through Compton scattering and
pair production inject new quanta (either backscattered photons or
produced pairs) into the primary beam, leading to the conversion of
kinetic energy into thermal energy. As a result, while the primary
beam decelerates and thermalizes as it propagates toward the down-
stream region, the number of counterstreaming photons gradually
decreases in the upstream direction.

As a result of these interactions, the flow structure is derived as
a function of t , the net optical depth of counterstreaming photons
due to Compton scattering and pair production. The derived flow
structure determines the profiles of the following quantities:

• xl : the number ratio of quanta (the sum of produced pairs and
photons advected with the bulk plasma) to baryons, defined as

xl =
n± +ng!d

n
, (B1)

where ng!d denotes the proper density of photons advected with
the bulk plasma flow.

• T̂ = kT
mec2 : temperature normalized by the rest mass energy of

an electron.
• G: bulk Lorentz factor.

Here, t = 0 corresponds to the immediate downstream region,
where the deceleration has been completed (G ⇡ 1), and t is mea-
sured from the immediate downstream region and is set to increase
toward the upstream.15

Under the assumption that photons (pairs) in the primary beam
originate solely from counterstreaming photons that collide with
pairs (photons) in the primary beam, the governing equation for xl
is written as

dxl
dt

= �(xl + fescx0), (B2)

where x0 represents the value of xl at t = 0, and thus fescx0 corre-
sponds to the number density of downstream photons escaping at
the upstream boundary, normalized by the baryon density. 16 The
above equation yields the solution:

xl = x0[(1+ fesc)e�t � fesc]. (B3)

The value of x0, which serves as the downstream boundary condi-
tion, is determined based on energy flux conservation and thermal
energy deposition through two-beam collisions, as described below.

The upstream boundary is defined as the position where xl = 0
, corresponding to the location beyond which scattered back pho-
tons or pairs no longer exist. From Equation (B2), it follows that

15 Note that the optical depth here is defined in the opposite direction from
that used in our numerical simulations, where the optical depth is measured
along the flow direction and increases toward the downstream.
16 For a more intuitive understanding of Equation (B2), note that the term
xl + fescx0 represents the photon number flux of counterstreaming photons,
where fescx0 corresponds to the fraction of escaping photons, and xl repre-
sents the photon number flux of backscattered photons. Both quantities are
evaluated in the shock frame and are normalized by the baryon density un-
der the assumption of a relativistic flow (G � 1). The reason why the coun-
terstreaming photon flux is expressed as xl + fescx0 is due to the steady-state
assumption: the local difference between the flux of backscattered photons
and that of counterstreaming photons corresponds to the photon flux of es-
caping photons at the upstream boundary ( fescx0). Thus, the equation ex-
presses that the reduction in the counterstreaming photon flux (right-hand
side of the equation) due to scattering is balanced by the increase in the flux
of backscattered photons.

in the case of an infinite shock ( fesc = 0), the solution extends to
infinity (t ! •). On the other hand, for finite shocks ( fesc 6= 0),
the upstream boundary is located at a finite optical depth given by
tu = ln( 1+ fesc

fesc
).

Assuming that the collision of counterstreaming photons lead-
ing to particle injection deposits thermal energy of approximately
hGmec2 into the primary beam, where h is a free parameter ex-
pected to be of order unity, the temperature and Lorentz factor are
derived to exhibit a universal dependence on xl , independent of the
escape fraction fesc, as follows. If the deposited thermal energy is
evenly distributed among all particles, the temperature is given by

T̂ =
hG(n± +ng!d)

2n+n± +ng!d
=

hGxl
xl +2

. (B4)

This equation implies that once xl � 1 is achieved, the tempera-
ture is given by T̂ ⇡ G. Assuming that the contribution of counter-
streaming photons to the net energy flux is small compared to that
of the primary beam, which holds for G � 1 and when fesc is not
too large, energy flux conservation for the primary beam approxi-
mately holds and yields

Gu = G[1+(xl +1)µT̂ ]. (B5)

Substituting Equation (B4) into Equation (B5) leads to the Lorentz
factor profile:

G =

q
1+16µGuh xl(xl+1)

xl+2 �1

8µh xl(xl+1)
xl+2

. (B6)

Note that this approximation breaks down as fesc approaches unity,
where the counterstreaming photon energy flux becomes non-
negligible.

The above equations readily determine the downstream value
of x0 as follows. By assuming these equations extend to the im-
mediate downstream region (G ⇡ 1), where xl � 1, Equation (B4)
gives T̂ ⇡ h . Substituting this into Equation (B5) with G ⇡ 1 leads
to

x0 =
Gu

4µh
. (B7)

In summary, the set of three equations—(B3), (B4), and
(B6)—together with the downstream boundary condition given by
Equation (B7), describes the full shock structure as a function of t
for a given Gu and fesc, with h as a free parameter. It is important to
note that, to convert the shock profile into a physical length scale,
one must define the opacity, as described in the next section. Ad-
ditionally, the analytical solutions do not provide the relative abun-
dance of photons and pairs in the primary beam. Consequently, the
relative contributions of Compton scattering and g-g pair produc-
tion to the opacity cannot be directly determined from this model.

APPENDIX C: DETAILED COMPARISON OF
SIMULATION RESULTS WITH THE ANALYTICAL
MODEL FOR INFINITE SHOCKS

C1 Conversion of Optical Depth

As shown in the previous section, the analytical model provides
the shock profile as a function of the net optical depth, t , without
explicitly specifying its relation to the spatial scale. Consequently,
converting t into a physical length scale is necessary to facilitate
the comparison between the simulation and the model. In this study,
we achieve this by translating t to the pair unlodaded Thomson
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The net density of quanta (pairs + photons) produced inside the
shock via conversion of counter-streaming photons is given by
nl = n± + nγ → d. Combining equations (A3) and (A4) yields

dn′
l

dz
= −[σKN(n′

± + n′
e) + σγγ n′

γ→d ]n′
γ→u. (A5)

Subtracting equation (A5) from equation (A2), we readily obtain
d(n′

γ→u − n′
l)/dz = 0. Using the far upstream boundary condition

n′
l(z → ∞) = 0 then gives

n′
γ→u = n′

l + n′
esc, (A6)

where n′
esc = n′

γ→u(z → ∞) denotes the number density of counter-
streaming photons that escape the shock to infinity. The last equa-
tion simply means that every photon that moves from the immediate
downstream towards the upstream either escapes the shock or even-
tually comes back in the form of a scattered photon or a member of
an electron–positron pair.

It is convenient to use the net optical depth for conversion of
counter-streaming photons

dτ = [σKN(n′
± + n′

e) + σγγ n′
γ→d ]dz, (A7)

and the fractions xl = n′
l/n

′, xesc = n′
esc/n

′, as free variables. The
above rate equations then reduce to the single equation

dxl

dτ
= −(xl + xesc). (A8)

The energy momentum tensor of the mixed fluid is the sum of
the different components, T µν = T

µν
b + T

µν
l + T µν

γ→u, where

T
µν
i = wiu

µuν + gµνpi (A9)

for plasma component i (i = b, l, γ → u), and pi, wi are the cor-
responding pressure and specific enthalpy, respectively. Since the
temperature inside the shock is roughly %mec2, the downstream
moving leptons are relativistic and we henceforth adopt the approx-
imation wl = 4pl = 4nlkT, wb = nmpc2 + 4nekT, neglecting the
electron rest mass in the latter expression. The energy of counter-
streaming photons, on the other hand, is typically mec2, so that
inside the shock, where % % 1, their contribution to energy and
momentum balance can be neglected. Under this approximation,
the net energy flux can be expressed as

T 0x = %2β[mpc
2n + 4(Ne + nl)mec

2T̂ ]

= mpc
2n%2β(1 + (xl + 1)µT̂ ), (A10)

in terms of the mass ratio µ = me/mp and the dimensionless temper-
ature T̂ = kT /mec

2. Energy conservation, ∂µT 0µ = 0, the bound-
ary conditions xl(z → ∞) = T̂ (z → ∞) = 0, %(z → ∞) = %u,
and baryon number conservation, n%β = nu%uβu, then yield the
conservation law:

%(1 + (xl + 1)µT̂ ) = %u. (A11)

This paper has been typeset from a TEX/LATEX file prepared by the author.
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The net density of quanta (pairs + photons) produced inside the
shock via conversion of counter-streaming photons is given by
nl = n± + nγ → d. Combining equations (A3) and (A4) yields

dn′
l

dz
= −[σKN(n′

± + n′
e) + σγγ n′

γ→d ]n′
γ→u. (A5)

Subtracting equation (A5) from equation (A2), we readily obtain
d(n′

γ→u − n′
l)/dz = 0. Using the far upstream boundary condition

n′
l(z → ∞) = 0 then gives

n′
γ→u = n′

l + n′
esc, (A6)

where n′
esc = n′

γ→u(z → ∞) denotes the number density of counter-
streaming photons that escape the shock to infinity. The last equa-
tion simply means that every photon that moves from the immediate
downstream towards the upstream either escapes the shock or even-
tually comes back in the form of a scattered photon or a member of
an electron–positron pair.

It is convenient to use the net optical depth for conversion of
counter-streaming photons

dτ = [σKN(n′
± + n′

e) + σγγ n′
γ→d ]dz, (A7)

and the fractions xl = n′
l/n

′, xesc = n′
esc/n

′, as free variables. The
above rate equations then reduce to the single equation

dxl

dτ
= −(xl + xesc). (A8)

The energy momentum tensor of the mixed fluid is the sum of
the different components, T µν = T

µν
b + T

µν
l + T µν

γ→u, where

T
µν
i = wiu

µuν + gµνpi (A9)

for plasma component i (i = b, l, γ → u), and pi, wi are the cor-
responding pressure and specific enthalpy, respectively. Since the
temperature inside the shock is roughly !mec2, the downstream
moving leptons are relativistic and we henceforth adopt the approx-
imation wl = 4pl = 4nlkT, wb = nmpc2 + 4nekT, neglecting the
electron rest mass in the latter expression. The energy of counter-
streaming photons, on the other hand, is typically mec2, so that
inside the shock, where ! % 1, their contribution to energy and
momentum balance can be neglected. Under this approximation,
the net energy flux can be expressed as

T 0x = !2β[mpc
2n + 4(Ne + nl)mec

2T̂ ]

= mpc
2n!2β(1 + (xl + 1)µT̂ ), (A10)

in terms of the mass ratio µ = me/mp and the dimensionless temper-
ature T̂ = kT /mec

2. Energy conservation, ∂µT 0µ = 0, the bound-
ary conditions xl(z → ∞) = T̂ (z → ∞) = 0, !(z → ∞) = !u,
and baryon number conservation, n!β = nu!uβu, then yield the
conservation law:

!(1 + (xl + 1)µT̂ ) = !u. (A11)

This paper has been typeset from a TEX/LATEX file prepared by the author.
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the terminal value !sh as it joins the downstream gas. The inter-
action of photons moving towards the upstream with photons that
scattered ahead of the fluid element and are returning to the down-
stream region leads pair loading of the element. The element is al-
ready loaded with pairs when acceleration starts (xl ∼ 0.1mp/me!sh)
and the pair density increases progressively during its acceleration,
while its temperature declines as T̂ " 0.5!sh!f (1 − βshβf ), where
β f is the velocity of the fluid element with respect of the upstream
frame and !f is the corresponding Lorentz factor. Ultimately, as the
fluid element joins the downstream plasma, !f approaches !sh, T̂

approaches 0.5, and the pair density approaches mp!sh/4me.
The evolution of the fluid element during the breakout phase,

when a substantial fraction of the photons that crosses the shock
transition layer escape to infinity, is similar, except that it experi-
ences a faster acceleration and more rapid pair loading, as will be
shown below.

The analytic model computes the structure of the decelera-
tion region where the flow is still relativistic in the shock frame
(! ! 2). In this region, the two-stream approximation can be used.
One stream (the primary beam) consists of the lasma constituents
(protons, electrons and pairs) and the back-scattered photons, all of
which move towards the downstream. The counter-stream contains
photons, each having an energy of ∼mec2 in the shock frame, that
were generated in the immediate downstream and move towards the
upstream.

Since every counter-streaming photon that interacts with the pri-
mary beam is converted either to a backscattered photon or a lepton,
it is convenient to treat the pairs created inside the shock and the
backscattered photons as a single species. The proper density of this
species is the sum nl = nγ , →d + n±, where nγ , →d and n± denote the
proper densities of backscattered photons and pairs, respectively.
We use this specie also to define the loading parameter xl ≡ nl

n
,

where n ≡ np = ne is the proper baryon density that must be equal
to the density of electrons advected from the far upstream (i.e. not
created inside the shock) by virtue of charge conservation. The
shock equations, derived in the appendix, subject to the boundary
condition xl = 0 far upstream, where counter-streaming photons do
not reach, then reduce to the following conservation laws: baryon
number conservation,

nu!uβu = n!β, (1)

and energy conservation (see equation A11),

!u = !(1 + 4(xl + 1)T̂ µ), (2)

where µ = me
mp

, T̂ = kT /mec
2 is the dimensionless temperature, β

is the plasma three-velocity with respect to the shock frame and !

the corresponding Lorentz factor. Henceforth, the subscript ′u′ refers
to quantities at the far upstream. The energy equation, equation (2),
neglects the contribution of the counter-streaming photons to the
total energy flux, which is justified in the region where the primary
beam is sufficiently relativistic.

The conservation of photon-and-pair fluxes implies d(!nl) =
−n′

γ ,→udτ , where n′
γ ,→u = !nγ ,→u is the density of counter-

streaming photons, as measured in the shock frame, and τ is the
net optical depth for conversion of counter-streaming photons in-
cluding Compton scattering and pair creation, defined explicitly in
equation (A7). Now, in an infinite shock, counter-streaming pho-
tons cannot escape the system. Consequently, at any given location
within the shock, for each counter-streaming photon, there corre-

sponds a quanta of the nl species moving towards the downstream,
that is, n′

γ ,→u = !nl . In terms of xl = nl/n, we then obtain:

dxl

dτ
= −xl. (3)

To find the temperature inside the shock, we note that every
collision of a counter-streaming photon with the primary beam
adds additional quanta of proper energy η!mec2 to the primary
beam, where η is a factor of the order of unity that depends on the
exact energy and angular distributions of pairs and photons inside
the shock, as well as other details ignored in the analytic model.
Given that this added energy is shared among the entire plasma
constituents, the plasma temperature can be approximated as

T̂ = η!nl

nl + ne + np
= η

!xl

xl + 2
. (4)

Equations (1)–(4) are applicable in the entire region,
where ! ! 2, including the far upstream.1 Thus, their solution
provides the structure of the upstream and deceleration zone up to
the point that the plasma flow becomes mildly relativistic. This set
of equations can be solved analytically. From equation (1) and (2),
we obtain

!(xl) =

√
1 + 16µ!uη

xl (xl+1)
xl+2 − 1

8µη xl (xl+1)
xl+2

≈






!u xl ( 1
16µ!uη

√
!u

4xlµη
xl ) 1

16µ!uη

. (5)

The value of xl that separates the two regimes marks the tran-
sition between the deceleration zone and the upstream. Extending
the solution to the immediate downstream where ! ≈ 1, we ob-
tain, using equation (2), an approximation for the value of xl in
the immediate downstream: x0 ≈ !u

4µη
. This ignores the energy of

counter-streaming photons that may not be negligible there. How-
ever, it is not expected to alter this result by more than a factor
of 2. Choosing τ = 0 at the sub-shock, which marks the transi-
tion between the immediate downstream and the deceleration zone,
equation (3) yields

xl = !u

4µη
e−τ . (6)

Equations (5) and (6) implies that in the shock transition layer,

!(τ ) ≈ eτ/2, (! < !u). (7)

These equations reveal the unique nature of RRMS in a photon-
poor medium. The shock generates its own opacity via rapid pair
production. It is doing so exponentially in the deceleration region
within an optical depth of a few from the immediate downstream.
The width of the shock, measured in terms of the net optical depth
of a counter-streaming photon, is &τ ≈ 2ln (!u).

To verify the validity and check the accuracy of our model, we
compare it to the numerical solution derived by Budnik et al. (2010).
They present their results using the Thomson optical depth of the
shock (including the pairs created within the shock), τ ∗. Now, the

1 Here, we account for the electrons that are advected to the shock with
the protons from the far upstream, which were neglected by Nakar & Sari
(2012). We therefore extend their solution, which was applicable only to the
deceleration region, also to the upstream where advected electrons dominate
over created pairs.
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the terminal value !sh as it joins the downstream gas. The inter-
action of photons moving towards the upstream with photons that
scattered ahead of the fluid element and are returning to the down-
stream region leads pair loading of the element. The element is al-
ready loaded with pairs when acceleration starts (xl ∼ 0.1mp/me!sh)
and the pair density increases progressively during its acceleration,
while its temperature declines as T̂ " 0.5!sh!f (1 − βshβf ), where
β f is the velocity of the fluid element with respect of the upstream
frame and !f is the corresponding Lorentz factor. Ultimately, as the
fluid element joins the downstream plasma, !f approaches !sh, T̂

approaches 0.5, and the pair density approaches mp!sh/4me.
The evolution of the fluid element during the breakout phase,

when a substantial fraction of the photons that crosses the shock
transition layer escape to infinity, is similar, except that it experi-
ences a faster acceleration and more rapid pair loading, as will be
shown below.

The analytic model computes the structure of the decelera-
tion region where the flow is still relativistic in the shock frame
(! ! 2). In this region, the two-stream approximation can be used.
One stream (the primary beam) consists of the lasma constituents
(protons, electrons and pairs) and the back-scattered photons, all of
which move towards the downstream. The counter-stream contains
photons, each having an energy of ∼mec2 in the shock frame, that
were generated in the immediate downstream and move towards the
upstream.

Since every counter-streaming photon that interacts with the pri-
mary beam is converted either to a backscattered photon or a lepton,
it is convenient to treat the pairs created inside the shock and the
backscattered photons as a single species. The proper density of this
species is the sum nl = nγ , →d + n±, where nγ , →d and n± denote the
proper densities of backscattered photons and pairs, respectively.
We use this specie also to define the loading parameter xl ≡ nl

n
,

where n ≡ np = ne is the proper baryon density that must be equal
to the density of electrons advected from the far upstream (i.e. not
created inside the shock) by virtue of charge conservation. The
shock equations, derived in the appendix, subject to the boundary
condition xl = 0 far upstream, where counter-streaming photons do
not reach, then reduce to the following conservation laws: baryon
number conservation,

nu!uβu = n!β, (1)

and energy conservation (see equation A11),

!u = !(1 + 4(xl + 1)T̂ µ), (2)

where µ = me
mp

, T̂ = kT /mec
2 is the dimensionless temperature, β

is the plasma three-velocity with respect to the shock frame and !

the corresponding Lorentz factor. Henceforth, the subscript ′u′ refers
to quantities at the far upstream. The energy equation, equation (2),
neglects the contribution of the counter-streaming photons to the
total energy flux, which is justified in the region where the primary
beam is sufficiently relativistic.

The conservation of photon-and-pair fluxes implies d(!nl) =
−n′

γ ,→udτ , where n′
γ ,→u = !nγ ,→u is the density of counter-

streaming photons, as measured in the shock frame, and τ is the
net optical depth for conversion of counter-streaming photons in-
cluding Compton scattering and pair creation, defined explicitly in
equation (A7). Now, in an infinite shock, counter-streaming pho-
tons cannot escape the system. Consequently, at any given location
within the shock, for each counter-streaming photon, there corre-

sponds a quanta of the nl species moving towards the downstream,
that is, n′

γ ,→u = !nl . In terms of xl = nl/n, we then obtain:

dxl

dτ
= −xl. (3)

To find the temperature inside the shock, we note that every
collision of a counter-streaming photon with the primary beam
adds additional quanta of proper energy η!mec2 to the primary
beam, where η is a factor of the order of unity that depends on the
exact energy and angular distributions of pairs and photons inside
the shock, as well as other details ignored in the analytic model.
Given that this added energy is shared among the entire plasma
constituents, the plasma temperature can be approximated as

T̂ = η!nl

nl + ne + np
= η

!xl

xl + 2
. (4)

Equations (1)–(4) are applicable in the entire region,
where ! ! 2, including the far upstream.1 Thus, their solution
provides the structure of the upstream and deceleration zone up to
the point that the plasma flow becomes mildly relativistic. This set
of equations can be solved analytically. From equation (1) and (2),
we obtain

!(xl) =

√
1 + 16µ!uη

xl (xl+1)
xl+2 − 1

8µη xl (xl+1)
xl+2

≈






!u xl ( 1
16µ!uη

√
!u

4xlµη
xl ) 1

16µ!uη

. (5)

The value of xl that separates the two regimes marks the tran-
sition between the deceleration zone and the upstream. Extending
the solution to the immediate downstream where ! ≈ 1, we ob-
tain, using equation (2), an approximation for the value of xl in
the immediate downstream: x0 ≈ !u

4µη
. This ignores the energy of

counter-streaming photons that may not be negligible there. How-
ever, it is not expected to alter this result by more than a factor
of 2. Choosing τ = 0 at the sub-shock, which marks the transi-
tion between the immediate downstream and the deceleration zone,
equation (3) yields

xl = !u

4µη
e−τ . (6)

Equations (5) and (6) implies that in the shock transition layer,

!(τ ) ≈ eτ/2, (! < !u). (7)

These equations reveal the unique nature of RRMS in a photon-
poor medium. The shock generates its own opacity via rapid pair
production. It is doing so exponentially in the deceleration region
within an optical depth of a few from the immediate downstream.
The width of the shock, measured in terms of the net optical depth
of a counter-streaming photon, is &τ ≈ 2ln (!u).

To verify the validity and check the accuracy of our model, we
compare it to the numerical solution derived by Budnik et al. (2010).
They present their results using the Thomson optical depth of the
shock (including the pairs created within the shock), τ ∗. Now, the

1 Here, we account for the electrons that are advected to the shock with
the protons from the far upstream, which were neglected by Nakar & Sari
(2012). We therefore extend their solution, which was applicable only to the
deceleration region, also to the upstream where advected electrons dominate
over created pairs.
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the terminal value !sh as it joins the downstream gas. The inter-
action of photons moving towards the upstream with photons that
scattered ahead of the fluid element and are returning to the down-
stream region leads pair loading of the element. The element is al-
ready loaded with pairs when acceleration starts (xl ∼ 0.1mp/me!sh)
and the pair density increases progressively during its acceleration,
while its temperature declines as T̂ " 0.5!sh!f (1 − βshβf ), where
β f is the velocity of the fluid element with respect of the upstream
frame and !f is the corresponding Lorentz factor. Ultimately, as the
fluid element joins the downstream plasma, !f approaches !sh, T̂

approaches 0.5, and the pair density approaches mp!sh/4me.
The evolution of the fluid element during the breakout phase,

when a substantial fraction of the photons that crosses the shock
transition layer escape to infinity, is similar, except that it experi-
ences a faster acceleration and more rapid pair loading, as will be
shown below.

The analytic model computes the structure of the decelera-
tion region where the flow is still relativistic in the shock frame
(! ! 2). In this region, the two-stream approximation can be used.
One stream (the primary beam) consists of the lasma constituents
(protons, electrons and pairs) and the back-scattered photons, all of
which move towards the downstream. The counter-stream contains
photons, each having an energy of ∼mec2 in the shock frame, that
were generated in the immediate downstream and move towards the
upstream.

Since every counter-streaming photon that interacts with the pri-
mary beam is converted either to a backscattered photon or a lepton,
it is convenient to treat the pairs created inside the shock and the
backscattered photons as a single species. The proper density of this
species is the sum nl = nγ , →d + n±, where nγ , →d and n± denote the
proper densities of backscattered photons and pairs, respectively.
We use this specie also to define the loading parameter xl ≡ nl

n
,

where n ≡ np = ne is the proper baryon density that must be equal
to the density of electrons advected from the far upstream (i.e. not
created inside the shock) by virtue of charge conservation. The
shock equations, derived in the appendix, subject to the boundary
condition xl = 0 far upstream, where counter-streaming photons do
not reach, then reduce to the following conservation laws: baryon
number conservation,

nu!uβu = n!β, (1)

and energy conservation (see equation A11),

!u = !(1 + 4(xl + 1)T̂ µ), (2)

where µ = me
mp

, T̂ = kT /mec
2 is the dimensionless temperature, β

is the plasma three-velocity with respect to the shock frame and !

the corresponding Lorentz factor. Henceforth, the subscript ′u′ refers
to quantities at the far upstream. The energy equation, equation (2),
neglects the contribution of the counter-streaming photons to the
total energy flux, which is justified in the region where the primary
beam is sufficiently relativistic.

The conservation of photon-and-pair fluxes implies d(!nl) =
−n′

γ ,→udτ , where n′
γ ,→u = !nγ ,→u is the density of counter-

streaming photons, as measured in the shock frame, and τ is the
net optical depth for conversion of counter-streaming photons in-
cluding Compton scattering and pair creation, defined explicitly in
equation (A7). Now, in an infinite shock, counter-streaming pho-
tons cannot escape the system. Consequently, at any given location
within the shock, for each counter-streaming photon, there corre-

sponds a quanta of the nl species moving towards the downstream,
that is, n′

γ ,→u = !nl . In terms of xl = nl/n, we then obtain:

dxl

dτ
= −xl. (3)

To find the temperature inside the shock, we note that every
collision of a counter-streaming photon with the primary beam
adds additional quanta of proper energy η!mec2 to the primary
beam, where η is a factor of the order of unity that depends on the
exact energy and angular distributions of pairs and photons inside
the shock, as well as other details ignored in the analytic model.
Given that this added energy is shared among the entire plasma
constituents, the plasma temperature can be approximated as

T̂ = η!nl

nl + ne + np
= η

!xl

xl + 2
. (4)

Equations (1)–(4) are applicable in the entire region,
where ! ! 2, including the far upstream.1 Thus, their solution
provides the structure of the upstream and deceleration zone up to
the point that the plasma flow becomes mildly relativistic. This set
of equations can be solved analytically. From equation (1) and (2),
we obtain

!(xl) =

√
1 + 16µ!uη

xl (xl+1)
xl+2 − 1

8µη xl (xl+1)
xl+2

≈






!u xl ( 1
16µ!uη

√
!u

4xlµη
xl ) 1

16µ!uη

. (5)

The value of xl that separates the two regimes marks the tran-
sition between the deceleration zone and the upstream. Extending
the solution to the immediate downstream where ! ≈ 1, we ob-
tain, using equation (2), an approximation for the value of xl in
the immediate downstream: x0 ≈ !u

4µη
. This ignores the energy of

counter-streaming photons that may not be negligible there. How-
ever, it is not expected to alter this result by more than a factor
of 2. Choosing τ = 0 at the sub-shock, which marks the transi-
tion between the immediate downstream and the deceleration zone,
equation (3) yields

xl = !u

4µη
e−τ . (6)

Equations (5) and (6) implies that in the shock transition layer,

!(τ ) ≈ eτ/2, (! < !u). (7)

These equations reveal the unique nature of RRMS in a photon-
poor medium. The shock generates its own opacity via rapid pair
production. It is doing so exponentially in the deceleration region
within an optical depth of a few from the immediate downstream.
The width of the shock, measured in terms of the net optical depth
of a counter-streaming photon, is &τ ≈ 2ln (!u).

To verify the validity and check the accuracy of our model, we
compare it to the numerical solution derived by Budnik et al. (2010).
They present their results using the Thomson optical depth of the
shock (including the pairs created within the shock), τ ∗. Now, the

1 Here, we account for the electrons that are advected to the shock with
the protons from the far upstream, which were neglected by Nakar & Sari
(2012). We therefore extend their solution, which was applicable only to the
deceleration region, also to the upstream where advected electrons dominate
over created pairs.
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the terminal value !sh as it joins the downstream gas. The inter-
action of photons moving towards the upstream with photons that
scattered ahead of the fluid element and are returning to the down-
stream region leads pair loading of the element. The element is al-
ready loaded with pairs when acceleration starts (xl ∼ 0.1mp/me!sh)
and the pair density increases progressively during its acceleration,
while its temperature declines as T̂ " 0.5!sh!f (1 − βshβf ), where
β f is the velocity of the fluid element with respect of the upstream
frame and !f is the corresponding Lorentz factor. Ultimately, as the
fluid element joins the downstream plasma, !f approaches !sh, T̂

approaches 0.5, and the pair density approaches mp!sh/4me.
The evolution of the fluid element during the breakout phase,

when a substantial fraction of the photons that crosses the shock
transition layer escape to infinity, is similar, except that it experi-
ences a faster acceleration and more rapid pair loading, as will be
shown below.

The analytic model computes the structure of the decelera-
tion region where the flow is still relativistic in the shock frame
(! ! 2). In this region, the two-stream approximation can be used.
One stream (the primary beam) consists of the lasma constituents
(protons, electrons and pairs) and the back-scattered photons, all of
which move towards the downstream. The counter-stream contains
photons, each having an energy of ∼mec2 in the shock frame, that
were generated in the immediate downstream and move towards the
upstream.

Since every counter-streaming photon that interacts with the pri-
mary beam is converted either to a backscattered photon or a lepton,
it is convenient to treat the pairs created inside the shock and the
backscattered photons as a single species. The proper density of this
species is the sum nl = nγ , →d + n±, where nγ , →d and n± denote the
proper densities of backscattered photons and pairs, respectively.
We use this specie also to define the loading parameter xl ≡ nl

n
,

where n ≡ np = ne is the proper baryon density that must be equal
to the density of electrons advected from the far upstream (i.e. not
created inside the shock) by virtue of charge conservation. The
shock equations, derived in the appendix, subject to the boundary
condition xl = 0 far upstream, where counter-streaming photons do
not reach, then reduce to the following conservation laws: baryon
number conservation,

nu!uβu = n!β, (1)

and energy conservation (see equation A11),

!u = !(1 + 4(xl + 1)T̂ µ), (2)

where µ = me
mp

, T̂ = kT /mec
2 is the dimensionless temperature, β

is the plasma three-velocity with respect to the shock frame and !

the corresponding Lorentz factor. Henceforth, the subscript ′u′ refers
to quantities at the far upstream. The energy equation, equation (2),
neglects the contribution of the counter-streaming photons to the
total energy flux, which is justified in the region where the primary
beam is sufficiently relativistic.

The conservation of photon-and-pair fluxes implies d(!nl) =
−n′

γ ,→udτ , where n′
γ ,→u = !nγ ,→u is the density of counter-

streaming photons, as measured in the shock frame, and τ is the
net optical depth for conversion of counter-streaming photons in-
cluding Compton scattering and pair creation, defined explicitly in
equation (A7). Now, in an infinite shock, counter-streaming pho-
tons cannot escape the system. Consequently, at any given location
within the shock, for each counter-streaming photon, there corre-

sponds a quanta of the nl species moving towards the downstream,
that is, n′

γ ,→u = !nl . In terms of xl = nl/n, we then obtain:

dxl

dτ
= −xl. (3)

To find the temperature inside the shock, we note that every
collision of a counter-streaming photon with the primary beam
adds additional quanta of proper energy η!mec2 to the primary
beam, where η is a factor of the order of unity that depends on the
exact energy and angular distributions of pairs and photons inside
the shock, as well as other details ignored in the analytic model.
Given that this added energy is shared among the entire plasma
constituents, the plasma temperature can be approximated as

T̂ = η!nl

nl + ne + np
= η

!xl

xl + 2
. (4)

Equations (1)–(4) are applicable in the entire region,
where ! ! 2, including the far upstream.1 Thus, their solution
provides the structure of the upstream and deceleration zone up to
the point that the plasma flow becomes mildly relativistic. This set
of equations can be solved analytically. From equation (1) and (2),
we obtain

!(xl) =

√
1 + 16µ!uη

xl (xl+1)
xl+2 − 1

8µη xl (xl+1)
xl+2

≈






!u xl ( 1
16µ!uη

√
!u

4xlµη
xl ) 1

16µ!uη

. (5)

The value of xl that separates the two regimes marks the tran-
sition between the deceleration zone and the upstream. Extending
the solution to the immediate downstream where ! ≈ 1, we ob-
tain, using equation (2), an approximation for the value of xl in
the immediate downstream: x0 ≈ !u

4µη
. This ignores the energy of

counter-streaming photons that may not be negligible there. How-
ever, it is not expected to alter this result by more than a factor
of 2. Choosing τ = 0 at the sub-shock, which marks the transi-
tion between the immediate downstream and the deceleration zone,
equation (3) yields

xl = !u

4µη
e−τ . (6)

Equations (5) and (6) implies that in the shock transition layer,

!(τ ) ≈ eτ/2, (! < !u). (7)

These equations reveal the unique nature of RRMS in a photon-
poor medium. The shock generates its own opacity via rapid pair
production. It is doing so exponentially in the deceleration region
within an optical depth of a few from the immediate downstream.
The width of the shock, measured in terms of the net optical depth
of a counter-streaming photon, is &τ ≈ 2ln (!u).

To verify the validity and check the accuracy of our model, we
compare it to the numerical solution derived by Budnik et al. (2010).
They present their results using the Thomson optical depth of the
shock (including the pairs created within the shock), τ ∗. Now, the

1 Here, we account for the electrons that are advected to the shock with
the protons from the far upstream, which were neglected by Nakar & Sari
(2012). We therefore extend their solution, which was applicable only to the
deceleration region, also to the upstream where advected electrons dominate
over created pairs.

MNRAS 476, 5453–5463 (2018)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/476/4/5453/4931775 by R
IKEN

 Yokoham
a user on 11 Septem

ber 2025



 26

1.0

1.2

1.4

1.6

1.8

2.0

°

Numerical

Analytical (a = 0.55, ¥ = 0.4)

10°1

100

101

102

103

x
l

° =
n

±
+

n
∞
!

d

n

¢

n±/n

°10°5°10°4°10°3°10°2°10°1°100°101

ø̃ = 2°unuæTz

10°2

10°1

T̂
≥ =

k
T

m
ec

2

¥

1.0

1.5

2.0

2.5

3.0

3.5

°

Numerical

Analytical (a = 0.5, ¥ = 0.45)

10°1

100

101

102

103
x

l

° =
n

±
+

n
∞
!

d

n

¢
n±/n

°10°5°10°4°10°3°10°2°10°1°100°101

ø̃ = 2°unuæTz

10°2

10°1

100

T̂
≥ =

k
T

m
ec

2

¥
1

2

3

4

5

6

°

Numerical

Analytical (a = 2.4, ¥ = 0.6)

10°1

100

101

102

103

x
l

° =
n

±
+

n
∞
!

d

n

¢

n±/n

°10°5°10°4°10°3°10°2°10°1°100°101°102

ø̃ = 2°unuæTz

10°2

10°1

100

T̂
≥ =

k
T

m
ec

2

¥

2

4

6

8

10

°

Numerical

Analytical (a = 1.75, ¥ = 0.6)

10°1

100

101

102

103

x
l

° =
n

±
+

n
∞
!

d

n

¢

n±/n

°10°5°10°4°10°3°10°2°10°1°100°101°102

ø̃ = 2°unuæTz

10°2

10°1

100

T̂
≥ =

k
T

m
ec

2

¥

Structure of RRMS (no escape: fesc = 0)  
Comparison with Analytical Model of Granot, Levinson, Nakar 2018

Γu = 2 Γu = 6 Γu = 10Γu = 3.5



 27

Effects of r-process elements                                  
Toward shock breakouts in BNS mergers

~
Levinson & Nakar 2020

Bremsstrahlung photon production rate

38 A. Levinson and E. Nakar / Physics Reports 866 (2020) 1–46

dynamical mass ejection ceases. Otherwise, tidal mass ejection from the central, fast rotating compact object continues for
several orbits while the collision of the two cores and the following bounce drive shocks that eject more mass. Generally,
tidally ejected mass is concentrated more towards the equator, it is slower and is neutron rich. Shock driven ejecta is
faster, more isotropic and its neutron-to-proton ratio is smaller. Note that the tidal and shock driven ejecta collide, interact
and affect each other so the distinction between the two components is blurred. Yet, simulations find a clear correlation
between the polar angle and the dynamical ejecta properties, whereby material thrown out closer to the equator is slower
and more neutron rich. The net result of the tidal and shock driven ejecta is that ⇠90% of the mass moves at velocities of
⇠0.1c � 0.3c , and a small fraction of the mass, termed fast tail, moves very fast, at > 0.6c. The outflow covers the entire
sphere with more mass ejected near the equator and less towards the pole. The dynamical ejecta also has a wide range of
electron fraction, with roughly a uniform distribution in the range Ye ' 0.1–0.4. The mass and velocity of the dynamical
ejecta depend strongly on the EOS and other factors in ways that will not be reviewed here. For a detailed account the
reader is referred to Nakar [129].

As stated above, while most of the dynamical ejecta moves at velocities < 0.4c , a small fraction of the mass is
expected to reach faster, possibly even relativistic, velocities. Although the mass in this fast tail is minute and may
appear insignificant, it can nonetheless control the breakout dynamics which, in turn, can lead to important observational
consequences. We shall get back to this point latter on.

In addition to the dynamical ejecta there is also the post merger ejecta that consists of disk winds and neutrino driven
winds from the putative HMNS. A thorough discussion of this component lies outside the scope of this review.

5.2. Shock breakout and emission

The propagation of the relativistic jet through the ejecta drives strong shocks into the ejecta, both by the jet-head and
by the expanding cocoon. Strong shocks may also be driven into the ejecta by an uncollimated wind, e.g., via a magnetar
spin-down. Owing to the large optical depth of the ejecta these shocks are radiation mediated. Once a shock, such as the
forward shock driven by the cocoon, breaks out of the ejecta, the photons that are trapped inside the shock transition layer
are released to the observer, followed by emission from shocked layers downstream of the shock. For a shock velocity
greater than about 0.5c the mean photon energy is in the gamma-ray regime, and the breakout episode will appear as a
gamma-ray flash to a distant observer. The process qualitatively resembles breakout emission in supernovae, as described
in Section 4, but differs in details.

The breakout emission is determined by the interaction of photons released from the shock transition layer and
the downstream region with the ejecta, as they stream towards the observer. Especially in the relativistic case, this
is a dynamical process, far from thermal equilibrium, that involves different species (photons, electrons, positrons and
baryons) which interact on vastly different scales, and should be computed using kinetic theory. Currently, there are no
ab initio calculations of this emission, and the models provide only order of magnitude estimates of the main observables
(energy, duration and typical photon frequency) of the signal emitted during the breakout of a spherical shock that
propagates in plasma with no free neutrons.

5.2.1. RMS Properties
As explained in the preceding sections, the RMS structure depends on the shock velocity and the upstream conditions

(particularly photon number, magnetization and composition). In the case considered here the shock velocity is & 0.1c
and the upstream is most likely unmagnetized, photon poor and composed of r-process material.8 The composition of
the upstream plasma affects both the opacity and, more importantly, the photon generation rate (see derivation below
Eq. (25)). In case of r-process material this leads to a considerable modification of the downstream temperature and pair
content, as compared to a pure hydrogen plasma, as well as stellar composition. We therefore find it imperative to extend
the calculations outlined in Section 2.5 to the merger case, accounting for its unique composition.

Eq. (26) can be expressed in terms of the downstream density ⇢d and temperature Td, and the mean atomic and mass
numbers, hzi and hAi, in the form:

ṅff ⇡ 4 ⇥ 1036 s�1 cm�3 hzi
⌦
z2
↵

hAi
2 ⇢2

d T
�1/2
d ⇤ff , (114)

where ⇢d and Td are given in c.g.s units, and the averages are over the atomic fraction, e.g.,
⌦
z2
↵
= ⌃xjZ2

j where xj is the
atomic fraction of element j, etc. The factor ⇤ff (⇢d, Td) accounts for photons upscattered by inverse Compton, and it can
be approximated by [131,160,188]:

⇤ff ⇡ max
�
1, 1

2 ln(y)[1.6 + ln(y)]
 
,

y = 500
✓D

z2
E

hAi

◆�1/2 ⇣
⇢d

10�9 gr/cm3

⌘�1/2 ⇣ Td
keV

⌘9/4
.

(115)

8 It is also possible that faster parts of the ejecta are composed of lighter elements, including free neutrons, although we do not consider this
option here due to the lack of proper theory for RMS with free neutrons.
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Fig. 15. The temperature in the immediate downstream of a radiation dominated shock as a function of the shock velocity. The solid curve are
calculated by solving numerically equations (114)–(116). For r-process [H-rich] composition we use hzi
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 = 0.16 [0.34] cm2/gr. This calculation is applicable for T . 50 keV. At higher temperatures vigorous pair production leads to increased photon
generation that mitigates the rise in the temperature, setting it at 100–200 keV, almost independent of the shock Lorentz factor. The dashed lines
are illustrations of the temperature’s behavior in this regime.

The immediate downstream temperature Td is then found by solving the equation

3kBTd ⇡
e� d

Lph
�dc

ṅff (⇢d, Td)
= e� d

3�2
d⇢dc

ṅff (⇢d, Td)
(116)

where Lph ⇠ 3�d⇢d is the width of the layer just behind the shock within which photons can diffuse back to the upstream,
and �d, ⇢d, e� d are the downstream velocity, density and energy density, respectively, which are determined from the
shock jump conditions in terms of the upstream density and shock velocity, as in Eq. (42), however, here we use the full
solution that applies also to mildly relativistic shocks, rather than the Newtonian approximation used in Section 2.5. If the
solution of Eq. (116) results in temperature that is lower than the blackbody temperature, TBB = (✏/aBB)1/4, then photon
generation is rapid enough to maintain thermodynamic equilibrium in the shock transition layer and Td = TBB. If, however,
the solution of this equation provides a temperature that is higher than TBB, then the immediate downstream is out of
thermodynamic equilibrium and its temperature is roughly the value obtained from the solution . In that case photon
generation continues to reduce the temperature as the fluid is advected away from the shock reaching thermodynamic
equilibrium only at the far downstream.

Eqs. (114) and (115) show that the photon generation rate depends on the composition via averages on Z and A. For

fully ionized r-process elements with solar abundance and A > 85 the values of these composition means are
hzi

D
z2

E

hAi2
⇡ 10,

✓D
z2

E

hAi

◆1/2

⇡ 5 and  =
hzi
hAi

�T
mp

⇡ 0.16 cm2/gr. These values depend only weakly on the exact composition as long as it is

dominated by r-process elements. Plugging these values into Eqs. (114)–(116) we find that the downstream radiation falls
out of thermodynamic equilibrium once the shock velocity exceeds �s > 0.12

�
⇢d/10�9 gr/cm3�1/30, where the very weak

dependence on ⇤ff is ignored. Fig. 15 depicts the temperature in the immediate downstream as a function of the shock
velocity �s (obtained by solving equations (114)–(116)), for fast shocks with r-process material at several representative
densities. The results are compared with the solution obtained for H-rich plasma at ⇢ = 10�9 gr/cm3 in Section 2.5
(dotted line). The figure shows that for r-process material the temperature rises sharply from < 1 keV at �s = 0.2 to
50 keV at �s = 0.6–0.7. Once the downstream temperature exceeds 50 keV, electron–positron pair production starts
playing a role and the shock structure changes significantly. Pairs practically affect all aspects of the shock structure,
but the effect that probably has the largest impact on the observed signal is self-regulation of the photon temperature.
As explained in detail in Section 2.6, exponential pair creation serves as a thermostat that controls the temperature in
the immediate downstream once the number of pairs starts exceeding the number of baryons, at 50 keV roughly. In
relativistic RMS this mechanism, that by coincidence becomes important once the shock velocity approaches the speed of
light (i.e., �s�s & 1), renders the proper downstream temperature (i.e., as measured in the fluid rest frame) insensitive to
the shock Lorentz factor, keeping it around 100–200 keV. The dashed lines in 15 delineate the regime where pair creation
becomes important. The flattening corresponds to the onset of the saturation level, at which equipartition between pairs
and photons is reached.
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calculated by solving numerically equations (114)–(116). For r-process [H-rich] composition we use hzi
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(Granot et al. 2024)

8 Granot et al.

Figure 6. Shock solutions for r-process composition taken from Goriely
(1999), and g̃ = 101,102, and 103, as indicated.

and the free neutrons are over abundant (dominate the number den-
sity). A sharp transition in the thermodynamic evolution takes place
when the reactions terminate, roughly a second after the ejection at
a density of about 100 gr cm�3. In the first stage, almost all of the
free neutrons are captured over a very short time scale (much shorter
than a second). Subsequently, the density and temperature evolve as
in a freely expanding radiation dominated gas, r µ t�3 and T µ t�4.
The composition during this stage evolves only by radioactive decay
towards the vally of stability. As we discuss below, this evolution
implies that the properties of a shock that is driven into the ejecta
strongly depends on whether it propagates in the ejecta before or
after nuclear reactions freeze-out.

Several different shocks are expected to cross the subrelativistic
material ejected from a BNS merger. First, in the commonly ac-
cepted scenario, and as supported by observations of GW170817,
a jet is launched from the compact remnant formed in the aftermath
of BNS coalescence, and propagates through the merger ejecta. The
motion of the jet inflates an expanding cocoon that drives an asym-
metric RMS in the ejecta. The shock velocity is fastest along the jet
axis (can approach the speed of light) and decreases with increas-
ing angle. The angular distribution of the shock velocity depends on
the density distribution of the ejecta, as well as the jet luminosity
and opening angle, and is not known exactly. However, simulations
suggest that it can exceed 0.1c and even approach 0.3c over a sig-
nificant range of angles (Gottlieb & Nakar 2022). Overall, a small
fraction (of order of a few percent) of the ejetca is shocked by the jet
and the cocoon. This material is expected to dominate the early KN
emission, on time scales of minutes to hours (Gottlieb et al. 2018a;
Hamidani & Ioka 2023, 2022). The shock can cross the ejecta both
before or after nucleosynthesis freezeout and affect the composision
of the cocoon material. A significant change in the composition of
this material might affect the properties of the early kilonova signal.

A second source of shocks is interaction between various compo-
nents of the ejecta itself. There are several different mechanisms that
expel matter, each operates on a different time scale after the merger
and produces outflow with a different range of velocities (see, e.g.,
Nakar 2020 and references within). Since some of these produce
relatively fast ejecta over long time scales, shocks are expected to
form when different components of the outflow collide. For exam-
ple, Nedora et al. (2021) find a fast (0.15-0.3 c) spiral-wave driven
wind that lasts as long as the central remnant does not collapse to a
black-hole. This fast material, which may be ejected for a second or
longer, is expected to interact with slower material, driving shocks
at a velocity of ⇠ 0.1� 0.2 c. Observations of GW170817 reveal a
comparable amount of mass in ejecta having a velocity of 0.2-0.3
c and ejecta with a velocity of 0.1� 0.2 c. It is also likely that an

even faster material was ejected. It is plausible that collisions during
the ejection of this fast component generated shocks with veloci-
ties in the range ⇠ 0.1�0.2 c, and possibly even faster. These type
of shocks form during the main mass ejection episode and, there-
fore, most likely cross the ejecta before nucleosynhesis freeze-out,
although it is conceivable that some shocks form also at later times.

Finally, the central remnant may also drive a quasi-spherical, or a
wide-angle, shock into the ejecta. For example, a long lasting mag-
netar can inject enough energy to significantly accelerate the ejected
material, thereby driving a fast shock through a large fraction of the
ejecta (e.g., Beloborodov et al. 2020). This may even be the source
of the fast (⇠ 0.3 c) component in GW170817. Such energy injec-
tion can ensue before and/or after the termination of nucleosynthe-
sis, and may have a significant effect on the composition of most of
the ejecta, and possibly its entirety.

According to the results obtained in Sec. 4.3, in regions where the
shock is fast enough, bu & 0.2, collisions between neutron rich iso-
topes just behind the shock can trigger fission and fusion, leading to
a substantial composition change, provided anomalous friction does
not prevent full decoupling of the ions inside the shock. In addition,
fission can also be induced by neutron capture if conditions are right.
Below, we provide an estimate of the scale separation (between radi-
ation and kinetic scales) and discuss the implications for anomalous
coupling. We also consider fission by neutron capture. But we begin
with a caveat - the neglect of pair production.

6.1 Pair production

Estimates based on the observed kilonova emission in GW170817
indicate ejecta mass of Me j ⇡ 10�2 M�. The corresponding density
at a radius r = 1010r10 cm is r ⇡ 10(Me j/10�2M�)r�3

10 gr cm�3.
From Fig. 15 in Levinson & Nakar (2020) we estimate a down-
stream temperature of kTd ⇠ 102(r/10grcm�3)1/4(bu/0.3)3 keV
for a single-fluid RMS model. At such high temperatures the pair
creation rate is large and one expects a large abundance of positrons
inside the shock (Katz et al. 2010; Budnik et al. 2010; Levinson &
Nakar 2020). Thus, our neglect of this component in the shock equa-
tions seems unjustified. It is worth noting that like H ions, positrons
have Z/A = 1. However, unlike H ions they are subject to the radi-
ation force. This implies that they should decouple first, as seen in
single-ion relativistic RMS (Levinson 2020), since the electric force
acting on the positrons is in the same direction as the radiation force.
How would this affect the velocity separation of the ions is unclear
at present. We defer the inclusion of pair creation in the multi-ion
RMS model for future work.

6.2 Scale separation and coupling length

In the preceding section, we demonstrated that sufficiently strong in-
terionic friction can tightly couple the ions, preventing relative drifts.
As explained there, in reality such friction represents anomalous mo-
mentum transfer between ions via scattering off plasma turbulence.
Such momentum transfer occurs on microscopic scales, but the ac-
tual length scale is unclear at present. In Vanthieghem et al. (2022)
it has been shown, by means of PIC simulations, that in a single-ion
RRMS, where positrons are present, the anomalous coupling length
scales as lc ⇠ 105M 1/2(gu/10)�1lp, where M is the pair multiplic-
ity, gu the shock Lorentz factor and lp the proton skin depth defined
below. For the typical densities expected in many exploding stellar
systems (e.g., SNe, LGRB) lc has been shown to be much smaller
than the shock width (by several orders of magnitude). This result is
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